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In coordinates adapted to the 3+1 split of the Einstein equations, the line element is given
by

ds2 = (−α2 + βiβ
i)dt2 + 2βidtdx

i + γijdx
i dxj ,

where α, βi, γij denote the lapse function, shift vector and spatial metric, respectively,
Latin indices run from 1 to 3 and repeated indices are summed over. The timelike unit
normal and extrinsic curvature are defined by

nµ =

(
1

α
, −β

i

α

)
, Kαβ = −⊥µ

α∇µnβ ,

with the projector ⊥µ
α = δµα + nµnα. The three-dimensional covariant derivative of a

tensor Tα...
β... is defined in terms of its spacetime covariant derivative by

DµT
α...

β... = ⊥ρ
µ⊥α

σ⊥τ
β . . .∇ρT

σ...
τ ... .

Let Zµ be a vector field with time and spatial projections

Θ = −nµZµ , Θµ = ⊥ρ
µZρ .

(a) Show that

(i) Zµ = Θµ + nµΘ ,

(ii) −∇µnν = Kµν + nµaν , where aν = nµ∇µnν ,

(iii) ∇µZµ = −nµnν∇µZν +DµZµ ,

(iv) DµZµ = DµΘµ −KΘ , where K = Kµ
µ .

(b) Now consider the generalized Einstein equations

Rµν +∇µZν +∇νZµ − [nµZν + nνZµ − gµνnσZ
σ] = 8π

(
Tµν − 1

2gµνT
)
.

Using the scalar Gauss equation,

Rµ
µ + 2Rµνn

µnν = R+K2 −KµνK
µν ,

show that

R+K2 −KµνK
µν − 2nµ∇µΘ− 2Zµa

µ − 4Θ + 2DµZµ = 16πρ .

Here ρ = Tµνn
µnν and R denotes the Ricci scalar associated with the spatial metric γij .

By expanding nµ∇µΘ, show that the Θ obeys the time evolution equation

∂tΘ = βm∂mΘ+
α

2

[
R+K(K + d1Θ)−KµνK

µν + d2Θµa
µ − 4Θ + d3D

µΘµ + d4ρ
]
,

where d1, d2, d3, d4 are constants you should determine.
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In natural units, where G = c = 1, the Schwarzschild metric is given by

ds2 = −
(
1− 2M

R

)
dT 2 +

(
1− 2M

R

)−1

dR2 +R2dΩ2 with dΩ2 = dθ2 + sin2 θ dϕ2 .

(a) Compute the Schwarzschild metric in the coordinates (t, R, θ, ϕ) where the new time t
is defined by

dT = dt− RM

(R−M)(R− 2M)
dR .

(b) Introducing also a new radial coordinate r = R −M , show that the Schwarzschild
metric can be written as

ds2 = −r −M

r +M
dt2 +

2M

r
dtdr + ψ4(dr2 + r2dΩ2) where ψ4 =

(
r +M

r

)2

. (†)

(c) By comparing the metric (†) with the 3+1 metric

ds2 = (−α2 + βiβ
i)dt2 + 2βidtdx

i + γijdx
i dxj ,

where Latin indices run over (r, θ, ϕ) and repeated indices are summed over, determine
the lapse function α (assuming α > 0), the shift vector components βi (note the upstairs
index) and the spatial metric γij .

(d) Use the evolution equation

∂tγij = βm∂mγij + γmi∂jβ
m + γmj∂iβ

m − 2αKij ,

to compute the non-vanishing components of the extrinsic curvature Kij . Show that the
trace K = γijKij of the extrinsic curvature is K = M

(r+M)2
.

(e) Consider the Bona-Massó family of slicing conditions,

(∂t − βi∂i)α = −α2f(α)K ,

and determine the function f(α) such that this slicing condition is satisfied by the
Schwarzschild metric in the form (†). Deduce that f(α) vanishes in the limit α→ 1.
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(a) Consider the Minkowski metric in Cartesian coordinates,

ds2 = ηµνdx
µdxν = −dt2 + dx2 + dy2 + dz2 .

Compute this line element in characteristic coordinates defined by u = t−z, v = t+z with x
and y unchanged. Graphically sketch the coordinate basis vectors ∂t, ∂z, ∂u, ∂v in the plane
x = const, y = const with the t direction pointing upwards and the z direction pointing
horizontally. Express the wave operator □ = ηµν∂µ∂ν in the characteristic coordinates
(u, v, x, y).

(b) In linearized theory, the metric is given by gαβ = ηαβ + hαβ where hαβ ≪ 1. A plane
wave solution to the linearized Einstein equations □hµν in transverse traceless gauge with
background coordinates (t, x, y, z) is given by

hµν = Hµνe
ipρxρ

with Hµν =




0 0 0 0
0 H+ H× 0
0 H× −H+ 0
0 0 0 0


 , pσ = ω(−1, 0, 0, 1) ,

whereH+,H× and ω are real constants. Starting from its definition Ψ4 = Rµνρσk
µm̄νkρm̄σ,

compute the Newman-Penrose scalar Ψ4 at linear order for this plane wave. Here, the
linearized Riemann tensor is given by

Rµνρσ =
1

2
(∂ρ∂νhµσ + ∂σ∂µhνρ − ∂ρ∂µhνσ − ∂σ∂νhµρ) ,

and the tetrad vectors are defined in terms of the coordinate basis vectors by

k = 1√
2
(∂t − ∂z) , m̄ = 1√

2
(∂x − i∂y) .

(c) Express the plane wave solution of part (b) in terms of the characteristic coordinates
(u, v, x, y) and explicitly show that this solution satisfies the linearized Einstein equations
□hµν = 0 with the wave operator in characteristic coordinates as determined in part (a).

(d) Consider the spacetime metric

ds2 = −dudv + f(u)2dx2 + g(u)2dy2.

Denoting f ′ = df/du and g′ = dg/du, the only non-vanishing Christoffel symbols for this
metric are

Γx
xu =

f ′

f
, Γy

yu =
g′

g
, Γv

xx = 2ff ′ , Γv
yy = 2gg′ ,

and those related to these by symmetry. In the following you may assume without proof
that Ruu = Rα

uαu, is the only component of the Ricci tensor that does not trivially vanish.
Determine the vacuum Einstein equation Ruu = 0 for this spacetime by computing all
necessary components of the Riemann tensor

Rα
βγδ = ∂γΓ

α
βδ − ∂δΓ

α
βγ + Γµ

βδΓ
α
µγ − Γµ

βγΓ
α
µδ .

Consider the plane wave of part (c) with H× = 0. Determine how H+ of this plane wave
is related to f(u) and g(u) and show that the plane wave is a solution to the Einstein
equations at linear order in H+. Part III, Paper 357
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