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(i) Define the Schwartz space S(R) and the space of tempered distributions
S'(R). Define the Fourier transform on each of these spaces.

(ii) Show that if f € L'(R) C S'(R) then the Fourier transform f € S'(R) can
be identified with a bounded, continuous function.

(b) Let u € S’'(R) be defined by the function

u(z) = {l/x, x>1

0, z < 1.

(i) Show that for ¢ € S(R)

0 p—idz
(U, ) = /cp/()\)v()\) d\  where v(\) = —i/ ——dx.

1 x?

(ii) Show that v € C(R)NC>(R\ {0}).

(iii) Establish the following identity for v when X\ € (0, 1)

) 1 —i$f1 co ,—ix
v()\):)\log\)\]—iel)‘—)\[/ (e)dx—i—/ c dx]
A 1

X X

and by taking the complex conjugate of a suitable function, or otherwise,
find a similar identity valid for A € (—1,0).

(iv) Deduce that there exist smooth functions fy € C*°(R¥) such that

a(\) +log |\ = f(\)  £A>0.

(v) Show that
lim (£ (V) — - (~\)] = —ir.

A0

[You may assume [ (sinz/z)dz = J.]

(vi) Suppose that w € C(R) and |w(z) — c+/x| < 1/2% as © — oo for two
constants c4. Show that the limits

lim (@) + (e = e-)log |\, Lim (@() + (e = e-) og )

exist and compute their difference.

[Hint: if u is the distribution considered in parts (i)-(v) consider
w(x) — [a u(x) + fu(—x)

for some constants «, . |
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2 Define the space of test functions D(R™) and the space of distributions D'(R"),
defining the notion of convergence on each. Your definition of D’(R") should involve a
semi-norm estimate.

Show that a linear form u : D(R™) — C defines an element of D’'(R") if and only if
(u, m) — 0 for each sequence of test functions {¢m, }m>1 that converge to zero in D(R™).

Let h € R™ and «a be a multi-index. For v € D'(R"™) define translation u — Thu
and differentiation u — D%u.

Let e; denote the unit vector along the ith coordinate axis. Show that for
u € D'(R™), 1te;u = u for all t € R if and only if Ou/dz; = 0 in D'(R™).

For f,g € L{ (R) define the distribution u € D'(R?) by the function

loc
u(z,y) = flx —y) +g(x+y).

Show that uz, — uyy = 0 in D'(R?).
3 (a) Let X C R" be open. What does it mean for ® : X x R¥ — R to be a phase
function? Define the space Sym(X,R*; N) and show that:

(i) If a € Sym(X,R¥; N) then D2Dfa € Sym(X,R¥; N — |4]).
(ii) If a; € Sym(X,R*; N;) for i = 1,2 then ajas € Sym(X,R*; Ny + No).

(iii) If b € C*®(X x R¥) is positively homogeneous of degree M in @ for |0
sufficiently large, then b € Sym(X, R*; M).

For ® a phase function and a € Sym(X, R¥; N) define
Ig(a) = /ei@(m’e)a(:v,e) dé

in terms of a linear map from D(X) to C and show that I3(a) € D'(X).
(b) If (z,0) € R x R, show that

/ eix\/ 0241 do

defines an element of D'(R).

[ You may assume that for § > 2 and o, 5 =0,1,2,...

Sas ()77 ]
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