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For a 2m-periodic function f € C(T), let s,(f) be its partial Fourier sum of degree
n, and let o, (f) = % Zz;(l) sk(f) be its Fejer sum of degree n — 1. Further, let || f|| be the
max-norm of f on T := [—7,7].

(a) From the integral representation

sin(n + 1)z
Sn(fa$) = i/ﬂ‘Dn(l‘ - t)f(t) dt, Dﬂ(x) = (7—’_12)

2sin 5T

and the relation between s, and o, derive the following expression for the Fejer
sum o, and the Fejer kernel Fj,

1 sin? 5

an(f,x)—jr/TFn(x—t)f(t)dt, Fo(x)

~ 2nsin? %:p '
Hence prove that L [1|F,(t)|dt = 1.

(b) Prove that, if f € Lipa for some 0 < a < 1, ie. |f(z) — f(y)| < M|z — y|*, then
there exist constants ¢, and ¢; such that

coan™ ¢, O<a<l,

Inn

lon(f) = Il < {

G, =
(c) Using the inequality
sin” %t c 2n(k—1) 27k / / n
: dt>E, IRZ(T7T)’ ]{7:1,,71, n:£§J,
I,
where ¢ is some constant, prove that, for the 2m-periodic function fy(x) = |z|,

x € [—m, 7|, we have

Inn
|o-n(f07$)_f0(x)|it=0 2 6/17

Is it possible to have the Jackson-type estimate ||on(f) — f|| < cw(f, 1) for
approximation of continuous functions by the Fejer sums? (Here w(f,d) is the
modulus of continuity of f.)
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For a function f € C[—1,1] let E,(f) be the value of the best approximation of f
in the uniform norm from P, the space of all algebraic polynomials of degree n.

(a) State the Chebyshev alternation theorem for the element of best approximation
p* € Py, such that E,(f) = ||f —p*.

(b) Given f € C[-1,1], let p € P, be a polynomial such that, for some n + 2 points
ty <ty < -+ <tpyoin [—1,1], we have

f(t) —p(ts) = (—D'a;,  a; >0.
Prove that
E,(f) > min a;.

1<i<n+2

(c) It is clear that, for any f, we have E,_1(f) > E,(f). For every n give an example
of function f = f,, such that E, 1(f) = E,(f). Show that if f(™(z) >0 on [-1,1],
then we have the strict inequality E,—1(f) > En(f).

(d) Let T,,(x) = cosnarccos z be the Chebyshev polynomial of degree n, and let
oo oo
fo(x) = ZakT3k(x), where aj > 0, Zak <oo, xe€[-1,1].
k=0 k=0

Prove that, for every n, the polynomial p,, of best approximation to fo in C[—1,1]
is given by a partial sum of the series above, and for each n determine the value
E,(fo) of best approximation in terms of ag.
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Let A = (tj);bif be a strictly increasing knot sequence, and let Si(A) be the space
of splines of degree k — 1 spanned by the B-splines (Nj)?zl.

Let * = (x;)]", be another strictly increasing point sequence, and denote by
P : Cla,b] — Si(A) the map which associates with any f € Cfa, b] the spline P, (f) from
Sk which interpolates f at (z;) (if it exists). Further, let Az be the matrix (N;(z;));;—;.

(a) Prove that if A, is invertible then the following conditions are fulfilled
Ni(z;)) >0, i=1,....n.
State the Schoenberg—Whitney theorem about invertibility of A,.
(b) Prove that, if A;! exists, then

1Pellzo < 147 e -

(c) Consider the case of cubic interpolating splines on the uniform knot-sequence
(t1,t2, ... tnya) = (1,2,...,n +4) with the interpolating points

Ti=tiqg2o=1+2, 1=1,...,n.

Using the recurrence relation for B-splines or otherwise, determine the entries of the
matrix Az, and hence estimate the norm ||AZ|,.. (You may use any appropriate
theorem on the inverse of certain matrices if correctly stated.) Thus show that
1Pl Lo < 3.
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Given A = (ti);flk, let w; and 1); be the polynomials in Pj_; defined as
@) = (a—tie) - O tiien), (@) = ()
i = i+1 i+k—1) 7 = (]{7— 1)' i )

and let (NV;)"_, be the corresponding B-spline sequence.
(a) From the Marsden identity
n
(="' =D wi@)Ni(t), th <t<tnpr, Vo ER
i=1
prove that any algebraic polynomial p € Pi_1 has the B-spline expansion
n
p(t) =D Ni(p, ) Ni(t), € [th,tnsa],
i=1

and express the functional \;(p, z) in terms of p, 1; and = € R. Explain briefly why
the functionals \;(p, x) are independent of z.

(b) Prove further that that the functionals (\;) are dual to the B-spline basis, i.e.
)\l(N]7£’L) = 5ij , V& € [tiati-',-k] .

[Hint. Consider restriction of (N;) on any subinterval [tg,tey1] of [ti, tivi]]
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1) Let X be an inner product space with the scalar product (-,-) and the norm
|z|| := (x,x)/2, and let U,, be an n-dimensional subspace.

(a) Prove that u* € U, is the best approximation to f € X from U, if and only if

(f —u",v) =0 Yvel,.

(b) Let By : X — Uy, be the linear operator of orthogonal projection onto U, defined as

(Puf,v)=(f,v) Yvel,.

Show that Py f is the best approximation u* to f from U, and [|u*| < ||f]|.

2) Let X = Ls[a, b] with the usual inner product (f,g) f f(t)

Given a knot sequence A = {a = z; < x3 < -+ < Tpy = b}, and the values (7))},
consider the following minimization problem: find

o = arg min {Hf(k)Hg Sl mgk) =y, i=1,...,n}, (%)

where f[z;,...,z;1x] is the divided difference of f of order k. In other words, among all
functions with the given values of n divided differences, find the function ¢ that has the
smallest Lo-norm of its k-th derivative ok,

(a) Show that if f € C¥[a,b], then

b
i) = 3y [ MO0 at,

where M; is the k-order B-spline M;(t) = k[z;,...,zivx](- — t)]frfl.
(b) Let s € Sk(A) be the spline such that, with (v;) as given in (x), we have
(M;,s) =klv, i=1,...,n.

Write down a linear system of equations for determining the coefficients a = (a;) of
the B-spline expansion of s = )~ | a; M, in the form Ga = b, specifying the matrix
G and the right-hand side b.

7=1
(¢) Prove that solution to (%) is given by ¢ such that ¢®) = s where s is the spline

from (b).

END OF PAPER
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