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1 Show that the nonlinear Schroedinger equation
, 1
i = —5000 — |66 + eV (e)o (1)

can be derived as the Euler-Lagrange equation for the action
S0 = [ [(6,6) + 5164l = S101* + eV (ex) 6] dudr

[In this question {(a,b) = (@b + ab)/2.]
(i) For the case € = 0, show that if £ < 0 then (1) has a solution e *F fz(x) with

fe = \/2|E|sech (\/2|E|x).

(ii) Next, still with e = 0, show that this exact solution of (1) can be generalized to
a solution ¢(z;t) = ®(x; E,0(t), X (t),u(t)) where

®(z; E,0,X,u) = fg(z — X)eftul=X) (2)
with E constant, but 6, X, u evolving in time according to

) 1, ) )

0:—E+§u, X=u, and u=0. (3)

Calculate the energy and momentum at time ¢ of these solutions, as defined, respectively,
by the values of the functionals

16] = [ [3lesf” = 316l']do, (energy)  and
Pl¢] = /(gb, —i¢y)dxr, (momentum).

Calculate a relation between these two values, and comment briefly.
(iii) For € = 1 and V(z) = 12” find a generalization of (2)-(3) so that ¢(z;t) as
defined in (ii) solves (1).[You should replace fr in (2) by gr : R — R which solves

1d%ge
2 dy?

1
— g+ §y29E :

EgE = —
and modify (3) as needed. You need not find gg explicitly.]

Comment briefly on your answer in relation to the classical Hamiltonian H (z,p) =
2
B+ V().

(iv) For small €, define and compute an effective Lagrangian to approximate the
time evolution of the four parameters E, 6, X, u, and derive the predicted dynamics of the
soliton in the potential eV (ex).
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2 Define the curvature F € Q%(R%; su(2)) associated to an SU(2) connection
D =d+ A on R* determined by A = Z?:O Ajdz?, and derive the Bianchi identity which
F' satisfies. Show that solutions of the self-dual (sd) or anti-self-dual (asd) equations,
F =+ % I give minimizers of

SE=—2/T1“(F/\*F)

for a given value of
1

h=——0
87'['2 R4

Tr (FAF) .

Find the minimum value of Sk in terms of k.

Now consider the case that the components of A are independent of z°, and treat
® = Aj as a new su(2)-valued scalar field; assume smoothness as required. Write down the
Bianchi identity and the sd/asd equations in terms only of ®, A;, 9;® and B’ = %eiijjk,
where i, j, k run through 1,2, 3, and hence show that

3
Y Do =0.
j=1

Hence, by computing Aw = Z?:l 8j2w where w = 1—|®|?, deduce that solutions satisfying

|P(x)| = 1 as|x| = 400

satisfy |®| < 1 everywhere. Here x = (2!, 22, 23).
[In this question take (A,B) = —2Tr AB as inner product in su(2), and as
orthonormal basis T, = 50 satisfying [T1,Ts] = —T3. You may make use of the maximum

principle: if a smooth w : R3 — R satisfies Aw < 0 then either w is constant or if it
attains a minimum value at a point xo € R® then w(zg) > 0.]

Also write down
—2Tr (F A %F) and Tr (FAF)

in terms of ®, D;® and B = %eiijjk, and comment on the relation with

N = lim 17{ (¢, B-n)dS
|x|=R

R—o0 471

(where n is the unit outward normal on the sphere {x : |x| = R} and dS is the usual area
measure).

Consider a solution of the form

() = f(r)—, Al(x) = emja?ja(r) r=|x|. (1)

Assuming that f(0) = «(0) = 0 and

lim f(r)=1 and lim r?a(r) = +1, (2)

T—00 T—00

calculate Bt and hence the number N.
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3 The Abelian-Higgs energy functional on the disc D = {z: |z| <1} C C is

1 2
V(A ®) = 3 /D [e*QP(alAQ — 02A1)? + |D®|* + %(1 —|®%)? |datda® . (1)

Here z = z' 4 iz?, p is a smooth real valued function on D, the metric on D is g =
e’ ((dz')? + (dz?)?) and the covariant derivative of ® : D — C is D® = (9; —iA4;)® da?.
Carry out the Bogomolny argument to obtain the first order Bogomolny equations for the
minimizers of (1).

With the area form du, = e?,dz! A do? define and display explicitly the Hodge
x-operator on p-forms for p = 0,1 and 2. Find B = *dA in terms of ® for solutions of the
Bogomolny equations.

Write down the form of the radial vortex solutions of winding number N € N in
polar coordinates (r,0) with z = re?.

Now consider the case e* = ﬁ, and define ¥ by
Yp=u—In(1—-2z)+1n2

where u = In |®|. Show that away from the zeros of ® there holds At = e2¥. Verify that
this latter equation has solution

1 4 / 2

ol WCPE

2 (1-lg(2)l?)
for any holomorphic function g : D — D, and hence obtain an explicit radially symmetric
vortex solution for each positive integer value N of the winding number. Calculate
directly the magnetic flux [ Bdpg of your solution in case N = 1, and verify the relation
[ Bduy = 27 in this case.

END OF PAPER
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