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The Lagrangian for a scalar field in d dimensional Minkowski spacetime is

1
Lo = 50u00"6 — Lo"

where g is a coupling constant. Consider the generating functional defined by

2 =N [ D6 exo ( Jes J<x>¢<x>>> |
where N is an unspecified constant.

(a) For n = 5, draw all leading order connected Feynman diagrams that contribute to
the partition function Z5[0].

(b) For n = 2 find an explicit form, in terms of the sources J(x), for the the generating
functional Z5[J]. In your answer choose N so that Z[0] = 1.

(c) Show that the generating functional for general n is related to the generating
functional for n = 0 by

Zn|J] = exp (—ig(—ni!)n /ddxaji)n> ZolJ).

State any assumptions you make in deriving this result.

(d) Expand the expression for Zs[J] given in (b) above to the first non-trivial order in
¢ and show that it agrees with the expression in (c).

Part III, Paper 304



N UNIVERSITY OF
Y% CAMBRIDGE 3

Consider the Lagrangian for the scalar field ¢(z) in d-dimensional Minkowski space
1 1 1 1 1 1
_ = w242 oy 4 - woa = 2 - 4
L= 5 ozt 57 o) 4!)\¢ + 2628“@9 o 25m2¢ 4!5)\<Z> .

(a) Briefly explain the role of each of the terms in the Lagrangian and, without
derivation, write down the momentum space Feynman rules of this theory.

(b) Draw all diagrams up to and including one-loop order for the four-point connected
correlation function. Using dimensional regularization, and writing A = ug (where
g is dimensionless and d = 4 — €), show that the one-loop counter-term d, in the MS
(minimal subtraction) scheme is
3 2
59 == %
167%e

(c) Show that, to leading order

d

S (/f(g +dg) — 2uegéz) =0

and hence calculate the beta-function for A\ up to leading order. You may assume,
without justification, that there is no wavefunction renormalization at leading order.

[Hint: You may find the following integrals useful

1_/1d L / de 1 1 T@2-d/2)
AB m[SCAJr (1—-xz)B* Rt (2m)4 (2 A)2 ~ (4m)d/2 A2-d2
The behaviour of the Gamma function near zero is

1
T(2)==—~+..
(2) o Bt

where 7y is the Euler-Mascheroni constant.]
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The action for a scalar field theory in d dimensional Euclidean space is

1 1
S[®] = /ddac (2@@8#@ + 3!9@3> .

The quantum field ®(x) is defined with a momentum cut-off A.

(a)

The Fourier transform of ®(z), denoted by ®(p), is decomposed into high and low
momentum modes with respect to some arbitrary scale bA < A, where 0 < b < 1,

as follows _ ) -
P~ o(p) if p* < b°A
@ =
(p) { () if 2A2 < p? < A2

Show that
®(z) = é(z) + x(),

where ¢(p) and X(p) are the Fourier transforms of ¢(z) and y(z) respectively.

The effective action W(¢] is given by
Wl _ / Dy =51,
Show that W[¢] can be written in the form

e Wl — o—5l9l [exp ( — Sint[9, _5/5J])ZXM] J=0"

where Z,[J] is the generating functional for a free, massless field x(z) and Sy is a
functional that you should find. Briefly explain how this action can be evaluated in
perturbation theory.

Assuming the effective action can be written as

Wiol = [ (30,00% + o+ ...).

where + ... denote terms in the effective Lagrangian which you may neglect. Draw
all Feynman diagrams that you would need in order to evaluate the effective coupling
ger to order g3. Find geg to order g% and show that, if d = 6, then

geff:g+C’g?’ln(b)—|—...,

where C' is a constant you should specify and b is the constant defined in part (a).
You may neglect any effects of wavefunction rescaling.

[Hint: The surface area of a d — 1 dimensional sphere is R? is

27Td/2
I'(d/2)

It may also be helpful to recall that T'(n) = (n — 1)!, when n € Z.]
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The Lagrangian for SU(N) gauge fields A,(x), coupled to fermions 1;(x) in the
fundamental representation is given by

1 T a
L=~ Te(FuF*) + §7(i) = m)vi + JL Ay,

where J£ is a source that is a function of the fermion fields, 7,5 = 1,2,...,N and
a,b=1,2,...,N? — 1. The fields transform under the gauge symmetry as

Awﬁu%W+§mmﬂ b — U,

with
U= eiaa(a:)Ta

9

where a®(z) is the parameter of the gauge transformation. Here and throughout the
question you may assume that A, (x) = Aj(2)T, and F,(z) = F, (2)T,, where the T,
are generators of SU(N).

(a) From the transformation of A, derive the transformation of the field strength F),, .
Hence show that the infinitesimal transformation of F),, may be written as

SFS, = foc"Fp,0f,
where ;¢ are constants that you should define in terms of the generators of the
gauge group.
(b) Assuming that the Lagrangian is gauge-invariant, deduce that
JH— UJrUT
and hence find an expression for J*.

(c) Now consider a theory of SU(N) gauge fields coupled to fermions ¥(z) in the adjoint
representation. The fermions transform as

v — Uyt

Find the infinitesimal version of the transformation of ¥(x) and derive a gauge-
invariant Lagrangian.

(d) Draw the Feynman diagrams that contribute to the gluon propagator up to and
including one-loop order. Briefly comment on how the evaluation of these diagrams
differs if we have fermions in the fundamental representation (as in parts (a) and
(b)) and fermions in the adjoint representation (as in part (c)). You do not have to
evaluate the diagrams.
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