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The Lagrangian for a scalar field in d dimensional Minkowski spacetime is

Ln =
1

2
∂µϕ∂

µϕ− g

n!
ϕn

where g is a coupling constant. Consider the generating functional defined by

Zn[J ] = N
∫

Dϕ exp

(
i

∫
ddx (Ln + J(x)ϕ(x))

)
,

where N is an unspecified constant.

(a) For n = 5, draw all leading order connected Feynman diagrams that contribute to
the partition function Z5[0].

(b) For n = 2 find an explicit form, in terms of the sources J(x), for the the generating
functional Z2[J ]. In your answer choose N so that Z2[0] = 1.

(c) Show that the generating functional for general n is related to the generating
functional for n = 0 by

Zn[J ] = exp

(
−ig (−i)

n

n!

∫
ddx

δn

δJ(x)n

)
Z0[J ].

State any assumptions you make in deriving this result.

(d) Expand the expression for Z2[J ] given in (b) above to the first non-trivial order in
g and show that it agrees with the expression in (c).

Part III, Paper 304



3

2

Consider the Lagrangian for the scalar field ϕ(x) in d-dimensional Minkowski space

L =
1

2
∂µϕ∂

µϕ− 1

2
m2ϕ2 − 1

4!
λϕ4 +

1

2
δZ∂µϕ∂

µϕ− 1

2
δm2ϕ2 − 1

4!
δλϕ

4.

(a) Briefly explain the role of each of the terms in the Lagrangian and, without
derivation, write down the momentum space Feynman rules of this theory.

(b) Draw all diagrams up to and including one-loop order for the four-point connected
correlation function. Using dimensional regularization, and writing λ = µϵg (where
g is dimensionless and d = 4− ϵ), show that the one-loop counter-term δg in the MS
(minimal subtraction) scheme is

δg =
3g2

16π2ϵ
.

(c) Show that, to leading order

µ
d

dµ

(
µϵ(g + δg)− 2µϵgδZ

)
= 0

and hence calculate the beta-function for λ up to leading order. You may assume,
without justification, that there is no wavefunction renormalization at leading order.

[Hint: You may find the following integrals useful

1

AB
=

∫ 1

0
dx

1

[xA+ (1− x)B]2
,

∫

Rd

ddℓ

(2π)d
1

(ℓ2 +∆)2
=

1

(4π)d/2
Γ(2− d/2)

∆2−d/2
.

The behaviour of the Gamma function near zero is

Γ(z) =
1

z
− γ + ...,

where γ is the Euler-Mascheroni constant.]
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The action for a scalar field theory in d dimensional Euclidean space is

S[Φ] =

∫
ddx

(
1

2
∂µΦ∂

µΦ+
1

3!
gΦ3

)
.

The quantum field Φ(x) is defined with a momentum cut-off Λ.

(a) The Fourier transform of Φ(x), denoted by Φ̃(p), is decomposed into high and low
momentum modes with respect to some arbitrary scale bΛ < Λ, where 0 < b < 1,
as follows

Φ̃(p) =

{
ϕ̃(p) if p2 < b2Λ2

χ̃(p) if b2Λ2 < p2 < Λ2

Show that
Φ(x) = ϕ(x) + χ(x),

where ϕ̃(p) and χ̃(p) are the Fourier transforms of ϕ(x) and χ(x) respectively.

(b) The effective action W [ϕ] is given by

e−W [ϕ] =

∫
Dχ e−S[Φ].

Show that W [ϕ] can be written in the form

e−W [ϕ] = e−S[ϕ]
[
exp

(
− Sint[ϕ,−δ/δJ ]

)
Zχ[J ]

]
J=0

,

where Zχ[J ] is the generating functional for a free, massless field χ(x) and Sint is a
functional that you should find. Briefly explain how this action can be evaluated in
perturbation theory.

(c) Assuming the effective action can be written as

W [ϕ] =

∫
ddx

(
1

2
∂µϕ∂

µϕ+
1

3!
geff ϕ

3 + . . .

)
,

where + . . . denote terms in the effective Lagrangian which you may neglect. Draw
all Feynman diagrams that you would need in order to evaluate the effective coupling
geff to order g3. Find geff to order g3 and show that, if d = 6, then

geff = g + Cg3 ln(b) + . . . ,

where C is a constant you should specify and b is the constant defined in part (a).
You may neglect any effects of wavefunction rescaling.

[Hint: The surface area of a d− 1 dimensional sphere is Rd is

2πd/2

Γ(d/2)
.

It may also be helpful to recall that Γ(n) = (n− 1)!, when n ∈ Z+.]
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The Lagrangian for SU(N) gauge fields Aµ(x), coupled to fermions ψi(x) in the
fundamental representation is given by

L = −1

4
Tr(FµνF

µν) + ψ̄i(i ̸∂ −m)ψi + Jµ
aA

a
µ,

where Jµ
a is a source that is a function of the fermion fields, i, j = 1, 2, . . . , N and

a, b = 1, 2, . . . , N2 − 1. The fields transform under the gauge symmetry as

Aµ → UAµU
† +

i

g
U∂µU

†, ψ → Uψ,

with
U = eiα

a(x)Ta ,

where αa(x) is the parameter of the gauge transformation. Here and throughout the
question you may assume that Aµ(x) = Aa

µ(x)Ta and Fµν(x) = F a
µν(x)Ta, where the Ta

are generators of SU(N).

(a) From the transformation of Aµ, derive the transformation of the field strength Fµν .
Hence show that the infinitesimal transformation of Fµν may be written as

δF a
µν = fbc

aF b
µνα

c,

where fab
c are constants that you should define in terms of the generators of the

gauge group.

(b) Assuming that the Lagrangian is gauge-invariant, deduce that

Jµ → UJµU †

and hence find an expression for Jµ.

(c) Now consider a theory of SU(N) gauge fields coupled to fermions Ψ(x) in the adjoint
representation. The fermions transform as

Ψ → UΨU †.

Find the infinitesimal version of the transformation of Ψ(x) and derive a gauge-
invariant Lagrangian.

(d) Draw the Feynman diagrams that contribute to the gluon propagator up to and
including one-loop order. Briefly comment on how the evaluation of these diagrams
differs if we have fermions in the fundamental representation (as in parts (a) and
(b)) and fermions in the adjoint representation (as in part (c)). You do not have to
evaluate the diagrams.
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