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(a) For each of the following sets and binary operations, determine whether they form
a group. If it is a group, show that the group axioms are satisfied; if not, give a
group axiom which is not satisfied.

(i) The integers under addition, (Z,+).

(ii) The nonzero integers under multiplication, (Z∗,×).

(iii) The subset of linear functions L under composition ◦, where

L = { f : R → R | f(x) = ux+ b; b ∈ R; u ∈ R, u ̸= 0 } .

(b) Consider the following matrix Lie group

G =







1 q s
0 1 r
0 0 1




∣∣∣∣∣∣
q, r, s ∈ R



 .

[The group operation is matrix multiplication.]

(i) Find the centre of the group, Z(G).

(ii) Find the Lie algebra of the group, L(G). Choose a basis for L(G) and
determine the corresponding structure constants.

(iii) Show that the exponential map, exp : L(G) → G, is both one-to-one and
onto. Explain whether G is connected.

(iv) Explain whether L(G) is simple, semisimple, or neither.

(c) Consider the inner product space (in fact, Hilbert space) of square-integrable,
complex functions

V = { ψ : R → C | (ψ,ψ) = 1 } ,

where the inner product of two functions in the space is defined to be

(ϕ, ψ) =

∫ ∞

−∞
dx (ϕ(x))∗ψ(x) .

Taking the group G to be the same as in (b), consider a map D : G→ GL(V ) such
that

∀g =



1 q s
0 1 r
0 0 1


 ∈ G , D(g)ψ(x) = e−iseirxψ(x− q) .

Show that D is a unitary representation of G. If ψ(x) represents a time-independent
quantum wavefunction in one spatial dimension, how can this transformation be
interpreted physically?
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(a) Given a Lie algebra g, state the defining properties of the Lie bracket and the
structure constants of g.

(b) Let G be a Lie group and let L(G) be its Lie algebra.

(i) Define the adjoint representation of G, Ad : G → GL(L(G)), and confirm
that it is indeed a representation.

(ii) From the adjoint representation of G, derive the adjoint representation of
L(G), ad : L(G) → gl(L(G)).

(c) Take as given that the Killing form of a Lie algebra g is the symmetric, bilinear
form κ : g× g → F such that

κ(X,Y ) = Tr(adX ◦ adY ) ,

where F = R or C. Given a basis for g, { Ta } with a = 1, . . . ,dim g, derive an
expression for κ(Ta, Tb) in terms of the structure constants.

(d) Take the following as a basis for su(2)

τ1 = − i

2

(
0 1
1 0

)
, τ2 = − i

2

(
0 −i
i 0

)
, τ3 = − i

2

(
1 0
0 −1

)
.

Determine the Killing form κ(τa, τb) and explain whether this is an adapted basis.

(e) Explain what is meant by the complexification of su(2), that is by su(2)C. Determine
the Killing form using the following basis

E+ =

(
0 1
0 0

)
, E− =

(
0 0
1 0

)
, H =

(
1 0
0 −1

)
,

and explain whether this is an adapted basis.

(f) Take as a basis for gl(n,C) the n × n matrices
{
Ti

j

}
, where for each Ti

j , the
matrix element in the i-th row and j-th column is equal to 1, and all other matrix
elements are 0. Let X = Ti

jX
j
i and Y = Ti

jY
j
i ∈ gl(n,C). Derive an expression

for κ(X,Y ) in terms of the components of X and Y .

[You may use without proof the relation [Ti
j ,T

k
ℓ] = δkjT

i
ℓ − δiℓT

k
j .]
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This question concerns the symmetries of special relativity in 1 temporal and 3 spatial
dimensions.

(a) Define the transformations which comprise the Lorentz and Poincaré groups. Ex-
plain how the Lorentz and Poincaré groups are related mathematically, justifying
your answer.

The basis elements of the Poincaré algebra are Mµν and P σ. These satisfy the following:

Mνµ = −Mµν

[Mµν ,Mρσ] = ηνρMµσ − ηµρMνσ + ηµσMνρ − ηνσMµρ

[Mµν , P σ] = ηνσPµ − ηµσP ν

[Pµ, P ν ] = 0 ,

where ηµν = diag(1,−1,−1,−1) is the Minkowski metric.

(b) Among these basis elements, identify the generators of spatial rotations J1, J2, and
J3, and the generators of Lorentz boosts K1, K2, K3. Use the Lie brackets given
above to determine [J1, J2], [J1,K2], and [K1,K2].

The universal enveloping algebra contains the Pauli-Lubanski pseudovector

Wµ :=
1

2
ϵµνρσM

νρP σ .

(c) Show that WµP
µ = 0 and that [Wµ, P

τ ] = 0.

(d) In its own rest frame, a particle of mass m > 0 is in a spin state |ψ⟩ = |j, j3⟩, where
2j is a nonnegative integer and 2j3 is an integer with −j ⩽ j3 ⩽ j. Show that |ψ⟩
is an eigenstate of W0 and W3 and find the corresponding eigenvalues.
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In this question you may use without proof any general results from the theory of
complex, simple, finite-dimensional Lie algebras and their representations provided they
are clearly stated.

(a) With regard to complex, simple, finite-dimensional Lie algebras, give brief descrip-
tions of the following concepts:

(i) Cartan subalgebra

(ii) Root set

(iii) Root string

(iv) Cartan matrix

(b) For each of the two Dynkin diagrams below, write down the corresponding Cartan
matrix, paying attention to how the nodes are labelled.

(i)

α(1) α(2)
α(3)

α(4)

α(1) α(2) α(3) α(4)
(ii)

α(1) α(2)
α(3)

α(4)

α(1) α(2) α(3) α(4)

(c) Show that there are exactly N distinct complex, simple Lie algebras of rank 2, where
you should determine N .

(d) Consider the Lie algebra g specified by the Cartan matrix

A =

(
2 −3
−1 2

)
,

and denote its simple roots by α and β, where |α| > |β|. Determine the full root
set of g and the dimension of g. What is the angle between α and β?

(e) Find the fundamental weights

χ = C1α+ C2β

ω = α+ C3β

where C1, C2 and C3 are numbers you should determine. Find the irreducible
representation whose highest weight is ω.

(f) Consider the su(2)C subalgebras of g associated with the simple roots α and β, de-
noted sl(2)α and sl(2)β, respectively. Show explicitly that the adjoint representation
of g can be written as a direct sum of irreducible representations of sl(2)α and also
of sl(2)β. [Recall that we labelled the irreducible representations of su(2)C by dΛ,
with Λ the highest weight for the irrep.]
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