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1 The Proca Lagrangian is

1 1
L=— F"Fuy + §m2AMA“ ,

which describes a massive gauge field. Here F,, = 9,4, — 9,4, and m? > 0.

(a) Verify that this theory is not invariant under a standard gauge transformation of
A,. Show that the equations of motion imply that

(00" +m?) A, =0, 0,A"=0.
b) Evaluate the energy-momentum tensor T}, for the Proca Lagrangian. Show that,
o

on-shell, the energy density is positive definite, up to a total spatial derivative.

¢) Fin e plane-wave solutions to the equations in part (a). Show that there are
Find the pl luti to th ti i t Show that th 3
polarisation states.

(d) Construct the propagator for the Proca field, that is, give an integral expression for
Apw(x —y) = QT (Au(2)Au(y)) |€2) -

int: Recall that the propagator is a Green’s function. Write the equation of motion
Hint: Recall that th tor i G ’ ti Write th ti t1
for A, as 11, AY = 0, then define an appropriate inverse for the operator I, .]
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Consider the following Lagrangian for a real scalar field in four dimensions

1 1 g
e 1 T2 42 3
L 5 Moloiato) 2m o° — —3!q§ ,

where m and g are real positive constants.

(a)
(b)

()

What is the mass dimension of g? Briefly justify your answer.

What are the Feynman rules for a theory described by the Lagrangian £7 A brief
(but clear) explanation is sufficient, you do not need to derive the rules.

Consider a process in which there are two incoming states with momenta p; and po
and three outgoing states with momenta k;, ¢ = 1,2, 3. Starting from the expression
of the S-matrix in terms of creation and annihilation operators, relate the S-matrix
for this process to a correlation function. In your derivation you may use the LSZ
approach or Dyson’s formula.

Draw all connected tree diagrams that contribute to the process in part (c). For
diagrams that differ only by permutations of the external particles, it is sufficient
to give a single diagram as part of your answer, provided you also indicate clearly
the possible permutations.

Based on the diagrams in part (d), and using Feynman rules, evaluate the contribu-
tion to the S-matrix corresponding to each connected tree diagram. For diagrams
that differ only by permutations of the external particles, it is sufficient to find
the expression for a single diagram, provided you also indicate clearly the possible
permutations.

Part III, Paper 301 [TURN OVER]



§ UNIVERSITY OF

¥ CAMBRIDGE 4

(a)

Consider scalar QED (SQED), a theory consisting of a complex scalar field ¢ of
mass M and an electromagnetic gauge field A,, with the only interaction being
due to minimal coupling between them, with coupling constant e. Write down the
Lagrangian Lsqgp for this theory. Similarly, write down the Lagrangian Lqgrp for
a Dirac spinor field 1) of mass m minimally coupled to a gauge field A,. Give the
form of the gauge transformations under which Lsqrp and Lqgp are invariant. For
each theory, derive the Noether current j, associated to the U(1) global symmetry
obtained by taking the gauge parameter to be constant.

The charge conjugation operator C is defined to act on a complex scalar field

operator by
Clo@)C=p@)t,  Clo@)C =),

where € is linear and CTC' = 1. Show that Lsqep is invariant under charge
conjugation provided A, transforms in a certain way, to be determined. You need
not consider complications such as normal ordering arising from products of field
operators.

The charge conjugation operator C is defined to act on a Dirac spinor field operator
by
C'(@)C=Cix)",  Cl(x)C =yp(x)'C

where C is a 4 x 4 matrix that satisfies
ch=c't=-, c'"c=—".

Assuming that A, transforms as found in part (b), show that Lqgp is invariant
under charge conjugation. [Hint: Yy My = —pT MTYT, for any matriz M. ] As in
part (b), you need not consider complications such as normal ordering arising from
products of field operators.

Given that the vacuum state |Q2) for the theories defined by Lsqrp or Lqgp is
invariant under charge conjugation, show that
(QIT A, (21) . Ay, (2)]Q) = 0.
(TG (1) -y (20)|€2) = 0,
provided that n is odd, where j, is the Noether current, as in part (a). You should
prove that these results hold to all orders in the coupling constant, without making

use of Feynman diagrams. What are the physical implications for scattering of
photons in these theories?
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4 In this question ur(x) and ug(x) will denote 2-component Weyl (or chiral) spinor
fields that are left-handed and right-handed, respectively. We will also use the notation

ot = (12><275) 9 ot = (12><27_6) ) 7= (01702a03) )

where 1oy is the 2x2 identity matrix and o? (1 =1,2,3) are the Pauli matrices. Standard
properties of the Pauli matrices, e.g. 0°0? = §7 1959 + i€7*¥c*, can be used without proof.

Under a Lorentz boost with parameters ¥ = (x', x2, %), the Weyl spinors transform
as
up, — Xy up — e X2y , (1)

and under a rotation with parameters @ = (!, ¢?, ©3) they transform as

ur, — ei‘P'”/QuL s UR — 6i¢'0/2uR . (2)

(a) State clearly how the Dirac matrices v* can be written in the Weyl representation
in terms of o* and &*, so that a Dirac spinor can be decomposed in terms of Weyl

spinors as
p={( "
=\ un )

Starting from the transformation properties of a Dirac spinor, which you should
quote, verify that the transformation of u; and ug under a Lorentz boost is indeed
given by (1), for a suitable choice of parameters.

Using (1) and (2), check explicitly that uTLu R is invariant under the Lorentz group,
and that ia2uz transforms as a right-handed spinor under the Lorentz group.

(b) Consider the following Lagrangian for a left-handed spinor field of mass m:

m
L= iu}&“@uuL — 15 (uEaQU*L - U€U2'UJL> ) (*)

where all spinor components anticommute.

Show explicitly that this Lagrangian is Lorentz invariant, by considering transform-
ations (1) and (2) with infinitesimal parameters x* and ¢’. You may use, without
proof, that the required infinitesimal transformation of a vector V* is

VO ==XV, 6Vi= VO = TRV

From the Lagrangian (x), derive the equations of motion for uy,.
Can this Lagrangian describe a massive spin-1/2 particle with non-zero electric

charge? Give a brief justification for your answer.

(c) Write down the Dirac Lagrangian for a Dirac spinor ¢ of mass m. Show that, for
an appropriate form of ¥ which you should specify, the Dirac Lagrangian reduces
to (%), up to a multiplicative constant and a total derivative.

Similarly, show that the Dirac equation for 1 of this specified form reduces to the
equation of motion found in part (b).
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