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1 This question concerns the ideal theoretic version of global class field theory. Let
K be a number field.

a) Give the definition of a modulus of K.

b) Let m be a modulus of K. Define the ray class group mod m, defining each object
in the definition.

c) Give the formula for the order of the ray class group mod m.

d) Let K = Q(
√
−7). Show using the Artin map that 5 is inert in K.

e) Again let K = Q(
√
−7) and let m = 5OK be a modulus of K. Show that the ray

class field mod m is an extension of degree 12 over K. You may use that the ideal
class group of K is trivial.

2 This question concerns the ideal theoretic version of global class field theory. Let
K be a number field and m a modulus.

a) Let L/K be an abelian extension and let p ⊂ OK be an unramifed prime ideal.

Define the Artin symbol
(
L/K
p

)
.

b) Use the Artin map of Q(ζ8)/Q to construct isomorphisms

IQ(8∞)/PQ(8∞) ∼= Gal(Q(ζ8)/Q) ∼= (Z/8Z)×

and deduce that
IQ(8∞)/PQ(8∞) = {[Z], [3Z], [5Z], [7Z]}

Identify the element of (Z/8Z)× corresponding to complex conjugation c ∈
Gal(Q(ζ8)/Q) under the usual isomorphism Gal(Q(ζ8)/Q) ∼= (Z/8Z)×.

c) Let H = {Z, 7Z}PQ(8∞) and show this contains PQ(8∞) as a subgroup of index 2.

d) State the (ideal theoretic) Existence Theorem.

e) Show that via the Existence Theorem the group H corresponds to Q(
√
2).
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3 In this question we let K be a number field and we let m be a positive integer.

a) Give the definition of a Dirichlet character mod m, and show how one can extend
such a character to define a L-series.

b) Define the Dedekind zeta function of K.

c) Let K be any abelian extension of Q. Demonstrate explicitly that characters of the
Galois group can be considered as Dirichlet characters and write ζK(s) as a product
of Dirichlet L-series.

d) How many Dirichlet characters are there mod 7? Write them all out.

e) Next let K = Q(
√
−7). Which of the characters mod 7 gives the unique character

corresponding to K?

f) Again let K = Q(
√
−7). Use the identities below to prove the class number hK of

K equals 1. If χ is a primitive character mod m ⩾ 3, then

|L(χ, 1)| =





2√
m
|∑k∈(Z/mZ)×

k<m/2

χ(k) log(sin(πk/m))|, if χ(−1) = 1,

π
|2−χ(2)|√m

|∑k∈(Z/mZ)×
k<m/2

χ(k)|, if χ(−1) = −1.

You may use the analytic class number formula provided you state it precisely.

4 This question concerns the idele theoretic version of global class field theory. Let
K be a number field, and let m be a modulus.

a) Give the definition of the idele group IK .

b) For any α ∈ IK , explain what it means when α ≡ 1 mod m, and define the group
IK(m). Define the congruence subgroup mod m of the idele class group CK .

c) Let m be a positive integer and ∞ the infinite prime of Q. Describe IQ(m) for
m = m∞.

d) Show the index [CQ : CQ(m)] is equal to the Euler totient function ϕ(m) =
m

∏
p|m(1− 1

p). [Hint: [Up : U
np
p ] = pnp−1 · (p− 1) if np > 0.]

e) Assuming CQ(m) ⊂ NQ(ζm)/QCQ(ζm), for ζm a primitive m-th root of unity, use the
above to show that CQ(m) is the norm group of the cyclotomic field Q(ζm).

f) State the Kronecker–Weber Theorem and deduce it from the main results of global
class field theory.
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5 This question is about density. Let K be a number field.

a) Define Dirichlet density.

b) Let C be a fixed class in the ideal class group. Prove that the set of prime ideals p ∈ C
has Dirichlet density 1/hK . You may assume that L(χ, 1) ̸= 0 for the appropriate
non–trivial characters.

c) State the Chebotarev density theorem.

d) Compute the Hilbert class field of K = Q(
√
26). You may use it has class number

2.

e) Use the previous two parts to compute the density of the principal prime ideals of
K = Q(

√
26).

END OF PAPER
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