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1 The following metric solves Einstein’s equation in 3 dimensions with a negative
cosmological constant:

ds2 = −f(r)dt2 +
dr2

f(r)
+ r2 (dφ− Ω(r) dt)2

where φ ∼ φ+ 2π,

f(r) =
(r2 − r2+)(r2 − r2−)

r2L2
, Ω(r) =

r+ r−
Lr2

,

and L, r+ and r− are constants with L > 0 and r+ > r− > 0. Assume that r > r+ and
that ∂/∂t is future-directed in (t, r, φ) coordinates.

(a) Show that

k =
∂

∂t
and m =

∂

∂φ

are Killing vector fields. [2]

(b) Construct the analogue of ingoing Kerr coordinates (v, r, χ) and determine the
form of the metric in these coordinates. Show that this metric can be analytically
extended across the surface r = r+. [6]

(c) Show that the region r− < r < r+ is causally disconnected from the region r > r+
in the ingoing Kerr coordinates of part (b). [6]

(d) Show that r = r+ is a null hypersurface and is a Killing horizon of the Killing vector
field ξ = k + Ω(r+)m and determine its associated surface gravity. [6]

(e) Consider the case r− = 0 and assume that there are no curvature singularities at
r = 0.

(i) Show that the region 0 < r < r+ in Kerr coordinates (v, r, χ) contains trapped
surfaces. [5]

(ii) How is the result obtained in part (i) consistent with Penrose’s singularity
theorem? [Hint: look at the behaviour of null geodesics in (t, r, φ) coordinates
near r = 0.] [5]
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2 Let (M, g) be a D−dimensional spacetime that is globally hyperbolic with a non-
compact Cauchy surface Σ and N a null hypersurface in (M, g). Assume the spacetime
satisfies the Einstein equation with matter obeying the null energy condition.

(a) Show that the normal to N is tangent to null geodesics within N . [3]

(b) Define the expansion θ, shear σ̂ab and rotation ω̂ab of a null geodesic congruence. [3]

(c) Derive Raychaudhuri’s equation

dθ

dλ
= − 1

A
θ2 − σ̂abσ̂ab + ω̂abω̂

ab −RabU
aU b ,

for an affinely parametrised null congruence of geodesics with tangent vector Ua

and affine parameter λ, where A is a constant you should determine. [8]

(d) Show that if θ = θ0 < 0 at a point on a generator γ of a null hypersurface, then
θ → −∞ within finite affine parameter distance A/|θ0| provided γ extends this far.
You may assume that if the congruence contains the generators of a null hypersurface
N , then ω̂ = 0 on N . [4]

(e) Let M contain a trapped surface T . Let θ0 < 0 be the maximum value of θ on
T for both sets of null geodesics orthogonal to T . Show that at least one of these
geodesics is future-inextendible and has affine length no greater than A/|θ0|. You
may assume that if S is a (D − 2)-dimensional orientable spacelike submanifold of
a globally hyperbolic spacetime, then every p ∈ J̇+(S) lies on a future-directed null
geodesic starting from S which is orthogonal to S and has no points conjugate to
S between S and p. You may also assume that J̇+(S) is an achronal submanifold
and that p is conjugate to S if θ → −∞ at p. [12]
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(a) State and prove the version of the first law of black hole mechanics that relates
the change in area of the event horizon to the energy and angular momentum of
infalling matter. You may assume Raychaudhuri’s equation, knowledge of Gaussian
null coordinates and the zeroth law of black hole mechanics. [10]

(b) State the second law of black hole mechanics and sketch a proof. You may assume
that the generators of the future horizon are complete to the future. [5]

(c) One suggested modification of general relativity involves a scalar Φ that couples to
curvature via

Gab = Tab .

with

Tab = ∇aΦ∇bΦ−
1

2
gab∇cΦ∇cΦ + ξ[GabΦ

2 − 2∇a(Φ∇bΦ) + 2gab∇c(Φ∇cΦ)] ,

where ξ is a real constant and Gab = Rab −Rgab/2 is the Einstein tensor.

(i) Consider null geodesics xa = xa(λ) with affine parameter λ and tangent vector
Ua = (∂/∂λ)a. Show that

∫ +∞

−∞
TabU

aU b dλ > 0 (?)

provided that ξ < 0 and ΦΦ′/(1 − ξΦ2) → 0 as |λ| → +∞, where primes
denote derivatives with respect to λ. [10]

(ii) Comment on the implications of (?) in part (i) to the second law of black hole
mechanics. [5]
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(a) A real scalar field φ is quantised in a globally hyperbolic background spacetime
(M, g). In the remote past and the distant future, this metric is time independent.
Describe in detail how to use the idea of Bogoliubov transformations to describe
how the state of φ changes between the remote past and the distant future. [9]

(b) Suppose that in the remote past the system is in the vacuum state. Derive the
formula, in terms of Bogoliubov coefficients, for the expectation value of the number
of particles in a certain mode as measured by an observer in the far future, in the
vacuum state as defined by an observer in the far past. [4]

(c) Sketch how considerations of this type lead to a picture of particle production by
black holes. [2]

(d) Consider the Schwarzschild-AdS black hole in Eddington-Finkelstein coordinates
(v, r, θ, φ)

ds2 = −f(r)dv2 + 2 dv dr + r2(dθ2 + sin2 θ dφ2)

with

f(r) =
r2

L2
+ 1− r+

r

(
r2+
L2

+ 1

)
,

where r+ and L are positive constants and θ ∈ [0, π] and φ ∼ φ+ 2π are the usual
spherical polar coordinates on the unit radius round two-sphere.

(i) Assuming r = r+ is a Killing horizon of

ka =

(
∂

∂v

)a

,

determine the Hawking temperature TH of the Schwarzschild-AdS black hole. [5]

(ii) Evaluate the generalised Komar energy

M = − 1

8π

∫
?d(k − k̄)

where k̄ = limr+→0 k and where the integral is taken over a constant v, r
surface and the orientation is dv ∧ dr ∧ dθ ∧ dφ. [5]

(iii) Verify the first law of black hole mechanics and find the range of values of r+
for which the black hole is in stable equilibrium with an infinite reservoir of
radiation at its Hawking temperature. [5]
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