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The action for the harmonic oscillator of unit mass in quantum mechanics is

S[x] =

∫
dt

(
1

2
ẋ2(t)− 1

2
ω2x2(t)

)
.

(a) Show, by Fourier transform or otherwise, that the propagator of the theory is

D(t− t′) =
1

2ω
eiω|t−t

′|.

By introducing a source J(t), show that the generating functional Z0[J ] of the harmonic
oscillator may be written as

Z0[J ] = Z0[0] exp

(
−1

2

∫
dt

∫
dt′ J(t)D(t− t′)J(t′)

)
.

(b) An anharmonic term

Sλ[x] = − λ
3!

∫
dt x3(t),

is now added to the action. Write down an expression for the generating functional Z[J ]
of the interacting theory in terms of an infinite series involving the generating functional
of the harmonic oscillator Z0[J ] and its (functional) derivatives. Briefly comment on the
convergence of this series.

(c) Write down the Feynman rules for the anharmonic oscillator. Hence, find an integral
expression for the connected correlation function 〈T{x(t1)x(t2)}〉conn up to order λ2.
Without evaluating the integral, do you expect this correlation function to diverge? Briefly
explain your reasoning.
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This question is about the massless real scalar theory in four-dimensional Minkowski space
with Lagrangian

L =
1

2
∂µφ∂

µφ− λ

4!
φ4.

(a) Without derivation, write down the momentum space Feynman rules for the theory
(including counterterms). Draw the diagrams that contribute to the renormalized 1PI
four-point function Γ4, up to order λ2.

(b) Γ4 may be written in terms of the Mandelstam variables s, t and u. We define the
effective coupling λeff at an energy scale M as

−iλeff = Γ4, when s = t = u = −M2.

By evaluating the relevant integrals using dimensional regularization, show that

−iλeff = −iλ− i(−iλ)2

32π2

∫ 1

0
dx

(
6

ε
− 3γ + ...

)
− iδλ+ ...,

Hence find a suitable choice of the counterterm δλ such that λeff = λ at renormalization
scale M .

(c) State, without derivation, the Callan-Symanzik equation for this theory and, assuming
there is no wavefunction renormalization at this order in λ, show that the beta function
for λ is given by

β(λ) =
3λ2

16π2
+ ...

where +... denotes terms of order λ3 and higher.

[Hints: You may use the following results for the d-dimensional integrals with integers a
and b: ∫

Rd

dd`

(2π)d
(`2)a

(`2 + ∆)b
=

Γ(b− a− d/2)Γ(a+ d/2)

(4π)d/2Γ(b)Γ(d/2)
∆−(b−a−d/2),

as well as the Laurent expansion of the Γ-function near its pole at z = 0:

Γ(z) =
1

z
− γ +O(z),

where γ is the Euler-Mascheroni constant.]
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A Yang-Mills vector field Aµ has field strength

Fµν = ∂µAν − ∂νAµ − ig[Aµ, Aν ].

(a) State how Fµν transforms under gauge transformations and show that the Lagrangian

L = −1

4
Tr(FµνF

µν),

is gauge-invariant. Briefly explain why gauge-fixing is necessary to find the propagator.

(b) A scalar field φ(x) in the adjoint representation transforms under the gauge symmetry
as

φ→ U †φU.

Show that the covariant derivative of φ is given by

Dµφ = ∂µφ− ig[Aµ, φ].

By writing Aµ = Aaµ(x)Ta and φ(x) = φa(x)Ta and

U(x) = exp (iαa(x)Ta) ,

where Ta are generators of the gauge group, find the infnitesimal form (i.e. to first order in
αa(x)) of the gauge transformations of φa(x) in terms of the fields and structure constants
of the gauge group.

(c) Suppose we also have a fermion ψ(x), which transforms in the fundamental represent-
ation of the gauge group.

(i) Write down the general gauge-invariant Lagrangian in d dimensions, up to and
including terms quartic in the fields ψ(x), φ(x) and Aµ(x), that is invariant under the
transformations φ → −φ, ψ → −ψ. Clearly state the mass dimension of any coupling
constants you introduce and comment on how each term is expected to evolve under
renormalization group flow .

(ii) Draw the Feynman diagrams that contribute to the four-scalar 1PI correlation
function to one loop (you do not have to evaluate the diagrams or include counterterms).
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A non-abelian gauge theory may be described by the Lagrangian

L = −1

4
F aµνF

aµν + ψ̄(i6D −m)ψ + c̄a

(
δGa

δAbµ

)
Dbc
µ cc +BaG

a − ξ

2
BaBa

where Ga(Aµ) is a fixing function, such as ∂µAaµ, the covariant derivative is Dµ = ∂µ−igAµ
and all other terms have their usual meanings.

(a) By considering the variation of each field, show that the following BRST transformation
is such that Q2(Φ) := Q(Q(Φ)) = 0 for all fields Φ (i.e. it is nilpotent)

Q(Aaµ) = Dab
µ cb, Q(ψ) = igcaTaψ

Q(ca) = −1

2
gfabcc

bcc, Q(c̄a) = Ba, Q(Ba) = 0.

You may use the Jacobi identity fd[a
efbc]

d = 0 without proof.

(b) By considering the fermionic function,

Ψ := c̄a

(
Ga(A)− ξ

2
Ba

)
,

show that the Lagrangian L is invariant under the above BRST transformation.

(c) Assume that the BRST transformation can be realised by some operator Q̂ so that

Q(Φ) = [Q̂,Φ]± := Q̂Φ± ΦQ̂

where the plus (minus) applies if Φ is fermionic (bosonic). A change of gauge-fixing
corresponds to a change in the gauge-fixing function Ψ. By requiring the transition
amplitude between physical states |i〉 and |f〉,

〈f |i〉 =

∫ f

i
DΦ eiS0[Φ]+i

∫
d4x {Q̂,Ψ}

to be invariant under a change of gauge choice, explain why physical states must satisfy
Q̂|i〉 = 0 = Q̂|f〉.
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