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1 Let n € N and A F n. Define S* := (e(t) | t € AM)¢, that is, S* is the C-vector
space spanned by the polytabloids corresponding to A-tableaux. For (i,7) € Y(\), define
Ci,j()\) = ] — 1.

(a) Prove that S* is a non-zero cyclic CS,,—module.

(b) Fix any A-tableau t.
(i) Suppose T € S, is a transposition. Show that if 7 € R(¢)C(t), then T belongs
to exactly one of R(t) and C(t).

(ii) Show that the number of transpositions in R(t) minus the number of trans-
positions in C(t) is > ; ey Cij(A)-

Define C =3, ;_ic,(i j) € CS,. In (¢), you may assume that S* is irreducible.

(c) (i) Briefly explain why C' € Z(CS,,) and hence C acts on S* by multiplication
by some scalar ¢(\) € C.

(ii) Prove that

= > i

(1.5)€Y(N)

(d) (i) Show that

dohiN) = > dig(V),
)

(4,5)eY(N) (6,)eY (A

where d; j(\) =i+ j — 1. Hence, or otherwise, show that

A= > (RN F V).

€N (4,5)€Y(N)

(ii) Deduce that

Z (A +(\)7) =2 Z hij(A),

€N (4,7)EV(N)
and
DD w=>" > hij(w.
pkn €N pkn (4,5) €Y (1)

(iii) Show that
Z hi,j ()\)2 =n? + Z Ci’j()\)Q.

(65)€V(A) (4,5)€V(A)

Part 111, Paper 160



5 UNIVERSITY OF
Y% CAMBRIDGE 3

2 For a partition «, let x* denote the character of the irreducible a-Specht module
over C. In the usual notation from lectures, ¥* = Y ore Sn sgn(m) - 271947 for integer
compositions A, and id is the sequence (1,2, 3,...). Throughout, let n € N.

(a) (i) State the Murnaghan-Nakayama Rule.

(ii) Let A be an integer composition of n. Let ¢ € N and define y to be the integer
composition satisfying p —id = (i i+ 1) o (A —id). Show that y* = —)™.

(iii) Let k € {1,2,...,n}. Let @ = (a1,2,...) F n. For each i € N and m € Ny,
define f3; ,, to be the sequence

Bim = (a1, 01,001 — 1, ooy — Lo — b +m, qipmyt, - - - ).

Fix i € N. Prove that ¢%0 = 0 if Bi,m is not a partition for any m € Np.

In parts (b)—(d) below, you may use general results from the course without proof, provided
they are stated clearly.

(b) Let x € Irr(S,,) and g € S,,. If x(g) # 0, show that the order of g divides LS(T)‘

(c) Show that for every partition A - n there exists g € S, such that x*(g) € {£1}.
(d) Define F to be the virtual character
Fi= " — LD\ (=22) oy qymy (rmmem)
of Sp, where m = | §].
(i) Show that there exists g € S, such that F'(g) # 0 and ¢ contains a cycle of

length £ in its disjoint cycle decomposition satisfying k = n (mod 2).
(ii) If n is even, prove that F(g) = 0 for all ¢ € S, whose disjoint cycle
decomposition contains a cycle of odd length.
(iii) Give, with justification, an example of each of the following:
* an odd n and g € S, such that g contains a cycle of even length in its
disjoint cycle decomposition and F'(g) # 0;
x an odd n and g € S, such that g contains a cycle of even length in its
disjoint cycle decomposition and F'(g) = 0.
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3 Given a partition X and e € N, let Q.(\) = (A, ..., XE=D) C,(\) and we()\)
denote the e-quotient, e-core and e-weight of A, respectively.

(a) (i) Let A+ n and e € N. Prove that there is a bijection
f{H;;(X\) s.t. e divides h; j(A)} — {hooks in Q.(\)}

such that if H = H; j(\) with e | h; j(A), then |H| = e |f(H)|, and moreover
that Qc(A\ H) = Qc(A) \ f(H).
[You may assume the following facts without proof: if X = {hy,...,hn}
is a B-set for A\, then h € H;(\) if and only if 0 < h; — h ¢ X. Also,
(X\ {hz}) (] {hz — h@j()\)} is a (B-set for A \ Hz,]()\)]

(ii) Let A =(6,5,3) and e = 3. For all (¢, j) € Y(A) such that e | h; ;(\) and f as
defined in (i), calculate f(H;;(\)) in the form Hy jy(A).

In parts (b) and (c) below, you may use general results from the course without proof,
provided they are stated clearly.

(b) Is each of the following statements (i) — (iv) true for all partitions A and all natural
numbers e and f7 Justify your answers.
[In parts (iii) and (iv), if P = (P,..., P;) is a sequence of ¢ partitions, then C.(P)
denotes the sequence (C¢(P1),...,Ce(P;)), while Q.(P) denotes the concatenation
of the sequences Qc(P)),...,Qe(P;) (so that Q.(P) is a sequence of te partitions).]

(i) If X = Ce(N), then A = Cer(N).

(i) Ce(Cr(A) = Cp(Ce(N)).

(ili) Qe(Q¢(N)) is a permutation of Q.r(N).
(iv) Ce(Qr(N) = Qp(Cer(N))-

(c) Let A+ n and e € N. Suppose w € Ny satisfies w > we(A) and we < n. Suppose
p € S, is a product of w disjoint e-cycles and v € S),_y. is disjoint from p. Prove
that

w e— (@) .
Npy) = e (|)\(0)"m’|)\(e—1)‘) XN () - Hi:()l XM ifw =we(N),
0 if w > we(A),

where ¢ € {+1}. Here (, b“f” .) denotes the multinomial coefficient 'b'i'z'
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4 Let F be an arbitrary field. Let n € N and A - n. The A\-Specht module over F is
denoted by &*, and the A\-Young permutation module over F by M?.

(a) Let t € A*. Prove that b; - M* = Fe(t), where by = >gec(t sen(9)g.
Suppose that A has a; parts equal to j, for each j € [n]. That is, A = (n,...,2%2,1%).

(b) Define an equivalence relation * on the set Q* of A-tabloids as follows: for w,v € Q*,
we say that w * v if v may be obtained from w by permuting the rows of w. For
example, if A = (3,3,2) and

123 156 124
w= 456 , v= 123, 7= 356 ,
78 78 78

then w * v but not w * 7. Let t,u € A* be any two A-tableaux.
(i) Define Ay, == {w € Q" | {e(t),w) - (e(u),w) # 0}. Show that Ay, is a union of
x-equivalence classes.

(ii) Hence, or otherwise, show that (e(t), e(u)) is a multiple of [7_; (a;!).

From now on, suppose char(F) = p > 0.
[In parts (¢) — (d) below, you may use the following facts without proof:

Fact 1: Given any t € A*, there exists u € A* such that (e(t), e(u)) = H?Zl(aj!)j.

Fact 2: Let A\, utn. If t € A and v € A¥ satisfy by - {v} # 0, then A > p.]

(¢) (i) Define what it means for A to be a p-regular partition, in terms of the
multiplicities aq, ..., a,.
(ii) Show that S* £ (S*)* if and only if ) is p-regular.
(d) Let A\, i - n and suppose X is p-regular. Let V < M*, and suppose that 6 : S* — %
is a non-zero F'S,,~homomorphism. Fix any t € A*.

(i) Show that there exists u € A* such that by -e(u) = ae(t) for some 0 # o € F.

(ii) Hence, or otherwise, show that by - % # 0. Deduce that A > p.
(iii) Now further assume that A = p. Show that 6(e(t)) is a scalar multiple of
e(t) + V. Deduce that dimp Endlpgn(%) =1.

ST S e if
Sen(So)L T SBn(sP)L

(e) Let o and (8 be two p-regular partitions of n. Prove that
and only if a = .

END OF PAPER
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