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Let k > 4 be an even integer.

(a) Show that any element 7 € b is conjugate, under the action of I'(1), to an
element of the set

F={rcb|Re(r) € [1/2,1/2),Im(r) > v3/2}.

(b) Show that if f(7) = >_,>; ang” € Sk(I'(1)), then there is a constant C' > 0 such
that |a,| < Cn¥/? for all n > 1.

(c) Show conversely that if g(7) = >_, . bng" € Mi(I'(1)) and there is a constant
C > 0 such that |b,| < CnF/2 for all n > 1, then g € Si(I'(1)). [You may use the formula

i)k =
Gr(1) =2¢(k) + (53 )1)' Z:lak_l(n)q"

for the g-expansion of G(7).]

Let k € Z, and let p be a prime number.

(a) Define what is meant by a modular function and a modular form of weight k
and level T'(1).

(b) Let f be a modular function of weight k& and level I'(1) which is holomorphic in
h. Show that the function T, (f) : h — C, defined by

p—1

To(f) = o f(pr) + ;Zf«r +1)/p),

b=0
is a modular function of weight & and level I'(1) which is holomorphic in b.

(c) Let f be a modular function of weight k and level I'(1) which is holomorphic in
h. Suppose that the C-vector space spanned by the functions

FT(), T (), (n21)

is finite-dimensional. Show that f is a modular form.
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(a) Let p be a prime number, and define

r@)—{(? Z)EF(I)]aElmodp,CEOmodp}.

Compute the number of cusps of I't (p).

(b) Let j(7) = E4(1)3/A(7), f(7) = 5(7)/§(27). Show that f is a modular function
of weight 0 and level I';(2).

(c) For each cusp I'1(2) -z of I'1 (2), decide (with proof) whether f(7) is holomorphic
at F1(2) 2.

[You may assume any necessary properties of the modular forms Ey, A, providing
you state them precisely.]

Let k € 2Z.
(a) Define

Fw:{(i Z)er(l)yc:o},

and fix s € C with Re(s) > (2 — k)/2. For 7 € b, define

Brs(r)= Y Tm(y)%i(y,7) 7"
Y€l \I'(1)

Show that Ej, 4(7) is absolutely and locally uniformly convergent in b.

(b) Let f € M (I'(1)). Show that the function f(7)Ej s(7)Im(7)* is invariant under
the (weight 0) action of I'(1).
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