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State and prove Mazur’s theorem.

Let X be a real normed space and (xn) be a sequence in X. Show that xn
w−→ 0 if

and only if f(xn) → 0 for every f ∈ X∗. Show that if xn
w−→ 0, then (xn) is bounded in

norm. Show that the following two statements are equivalent:

(i) xn
w−→ 0

(ii) For every infinite subset M of N and for every ε > 0, there exists a finite subset
F of M and a convex combination y =

∑
n∈F tnxn of xn, n ∈ F , such that ‖y‖ < ε.

Deduce that for any p ∈ (1,∞), if (xn) is a bounded sequence of pairwise disjointly
supported elements of `p, then xn

w−→ 0. [Real sequences a = (ai) and b = (bi) are
disjointly supported if the sets {i ∈ N : ai 6= 0} and {i ∈ N : bi 6= 0} are disjoint.]

Let A be a commutative unital C∗-algebra. Assume that (an) is a bounded sequence
in A such that ϕ(an)→ 0 for every character ϕ on A. Does it follow that (an) converges
weakly to 0? Justify your answer.

2

[Throughout this question you may assume results about the spectral theory of
Banach algebras.]

State the Holomorphic Functional Calculus.

Let K be a nonempty compact subset of C. Let R(K) be the closure in C(K) of
rational functions without poles in K. Identify, with proof, the character space of R(K).

State and prove Runge’s Approximation Theorem. Deduce that if U is a nonempty
open subset of C, then the algebra R(U) of rational functions without poles in U is dense
in the locally convex space O(U) of holomorphic functions on U .

Let A be a commutative unital Banach algebra. In what follows, given x ∈ A, let
x̂ denote the Gelfand transform of x, and for a holomorphic function f on an open set
containing σA(x) write f(x) for the image of f under the holomorphic functional calculus
for x.

Now let x1, x2 ∈ A be elements such that x̂1 = x̂2. Why is σA(x1) = σA(x2)? Let
U be an open subset of C containing σA(x1). Assume that there is an f ∈ O(U) such
that f(x1) = f(x2) and f ′(z) 6= 0 for all z ∈ K. Show that x1 = x2. [Hint: Express
f(x1)− f(x2) as a product u(x1 − x2) and show that u is invertible.]
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[Throughout this question you may assume the theorems of Mazur, Banach–Alaoglu
and Goldstine. You may also assume any version of the Hahn–Banach theorems and the
fact that C(K) is separable for a compact metric space K.]

Show that a normed space X is separable if and only if the closed unit ball BX∗ of
X∗ is w∗-metrizable.

Prove that if a normed space X is w-separable, then X∗ is w∗-separable. Must X∗

also be w-separable? Justify your answer.

Show that a Banach space X is reflexive if and only if its closed unit ball BX is
weakly compact.

State the Krein–Milman theorem. Show that if X is a reflexive space, then
BX = convExt(BX).

Let f : Z× Z→ [0, 1] be a function whose value at each point is the average of the
values at the four neighbouring points:

f(m,n) =
1

4

(
f(m + 1, n) + f(m,n + 1) + f(m− 1, n) + f(m,n− 1)

)
(*)

for all (m,n) ∈ Z×Z. Show that f must be constant. [Hint: Note that the set of all such
functions is convex. What can you say about extreme points?]

4

(a) State the Hahn–Banach separation theorems in locally convex spaces. [There
should be three separate statements depending on the type of objects you are separating.]

State the Banach–Alaoglu theorem and Goldstine’s theorem.

Let X be a normed space and Z be a subspace of X∗ that separates the points of
X: for every x ∈ X \ {0} there exists f ∈ Z with f(x) 6= 0. Let σ be the weak topology
σ(X,Z) on X. Assume that the closed unit ball BX of X is σ-compact. Prove that X is
a dual space: namely that X is isometrically isomorphic to Z∗.

(b) Let H be a real Hilbert space. Let X = B(H), the Banach space of all bounded
linear operators on H. For x, y ∈ H define µx,y : X → R by µx,y(T ) = 〈Tx, y〉. Show that
µx,y ∈ X∗ with ‖µx,y‖ = ‖x‖ · ‖y‖.

Let M = {µx,y : x, y ∈ H} and σ be the weak topology σ(X,M) on X. Show
that the closed unit ball BX of X is σ-compact. [Hint: For T ∈ X define the bounded,
bilinear form θT : H ×H → R by θT (x, y) = 〈Tx, y〉 for all x, y ∈ H, and consider θT as
an element of a suitable product space. You may assume that for every bounded bilinear
from ϕ : H×H → R, there is a unique operator T ∈ X such that ϕ = θT and ‖T‖ = ‖ϕ‖.]
Deduce that B(H) is a dual space.
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[Throughout this question you may assume results from the spectral theory of
general Banach algebras.]

Let A be a complex algebra. What is a character on A? What is the character
space ΦA of A? Show that a character ϕ on a unital Banach algebra A is bounded with
‖ϕ‖= 1.

Let A be a commutative unital Banach algebra. Prove that if x ∈ A, then
σA(x) = {ϕ(x) : ϕ ∈ ΦA}. Deduce that ΦA 6= ∅.

Let Y and Z be isomorphic Banach spaces of non-zero dimension. Let X = Y ⊕ Z
with norm ‖(y, z)‖ = ‖y‖ + ‖z‖ for all y ∈ Y , z ∈ Z. Show that ΦB(X) = ∅. [Hint:
Consider suitable idempotents in B(X).]

Let A be a unital C∗-algebra. Show that if x ∈ A is hermitian, then σA(x) ⊂ R. Show
further that if B is a unital C∗-subalgebra of A and x ∈ B is normal, then σB(x) = σA(x).

State the Commutative Gelfand–Naimark theorem. Show that a positive element
in a unital C∗-algebra has a positive square root.

Let A be a unital C∗-algebra. Prove the following statements:

1. For every x ∈ A there exist unique hermitian elements h, k ∈ A such that x = h+ik.

2. If x ∈ A is hermitian with ‖x‖ 6 1, then 1−x2 is positive. Hence x = 1
2(u+u∗) for

some unitary element u ∈ A.

3. If x ∈ A is hermitian with ‖t1− x‖ 6 t for some t ∈ R, then x is positive.

4. If x ∈ A is positive with ‖x‖ 6 t for some t ∈ R, then ‖t1− x‖ 6 t.

5. If x, y ∈ A are positive, then x+ y is also positive.
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