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1 Let U ~ p(u), u € J, where J is a finite alphabet, denote an i.i.d. classical
information source.

[For this question you can assume that for all € > 0, P| g(n)] — 1 as n — oo, where

Tg(n) is the e-typical set as defined in the lecture. You should not assume any other result
from the lecture for this question.|

(a) Explain what is meant by a reliable compression-decompression scheme of rate R
for the source U. Show that if R > H(U) such a scheme exists.

(b) Let a memoryless quantum information source be given by the density matrix
m, acting on a Hilbert space H. Explain what is meant by a reliable quantum
compression-decompression scheme of rate R for the source w. Show that if
R > S(m) such a scheme exists, where S(7) is the von Neumann entropy of .

(c) Define the sets of sequences Cy(r) = { (u1,...,un) € J" | p(uy,...u,) =27 }.
Show that, instead of using the sets of typical sequences, the result of a) can also
be established using the C,,(r) for a suitably chosen 7.
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Let A be a linear map B(#H) — B(H), where H denotes a finite-dimensional Hilbert
space.

(a) State what is meant by A being completely positive. Define the Choi-matriz, J(A),
of A. Show necessary and sufficient conditions on the Choi matrix for A to be
completely positive. [Clearly state any result from the lecture you are using.|

(b) Show that if A can be written as

Ap) =D ApAf (1)
k

then it is completely positive, where Ay are linear operators acting on the Hilbert
space H. Show a necessary and sufficient condition on the operators A for A to be
trace preserving.

(c) Let {|y:)}, be an orthonormal basis of . Show that the channel

YV:BH)—=BH) V()= Z lyi )il (vilply:) (2)

is trace preserving and completely positive. Explain why this channel can be called
a measure-and-prepare channel. Show that S()(p)) is the Shannon entropy of the
measurement outcome probabilities. Show that

D(pl|¥(p)) = 5V (p)) = S(p). 3)
(d) Let {|z:)}%, be another orthonormal basis of H and define similarly
Z:B(H) = BMH)  Z(p) = Z |2i)(zil (zilplzi) - (4)

Evaluate the expression D(Z(p)||Z(Y(p))) to show that

SO6)) + S(2(0)) > ~ log (max] ulz) ) + (5. 9
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(a)

Let {pz, p}} and {gz, 0% } be two ensembles of quantum states with the same (finite)
number of elements. We define the states

pxn = pelalelx ® b 1)
oxB =Y |x)x|x ®F. (2)

Show that
D(pxslloxs) =Y _p.D(plloh) + D(pllq) . (3)

T

where p = {p,} and ¢ = {¢,}, Conclude that
S(px) = > _pS(ph) + H(p), (4)

where H(p) denotes the Shannon entropy of the probability distribution p. [You
can use the fact that the logarithm of a block-diagonal matrix is the block-
diagonal matrix consisting of the logarithms of the individual blocks (formally:
log(A @ B) = log(A) @ log(B)).]

State what is meant by (i) the data-processing inequality for the quantum relative
entropy, (ii) joint convezity of the quantum relative entropy, and (éii) the strong
subadditivity inequality of the von Neumann entropy. Show that the data-processing
inequality implies both strong subadditivity and joint convexity. [You may assume
that the partial trace is a CPTP map.]

State and prove the Holevo bound.
[Hint: If you wish, you can use the fact that for any POVM {A,}" ; the channel

A:B(H) = B(C™)  pr ) |a)e| Tr(pAs) (5)

is CPTP, together with the data processing inequality.]

Let A be a quantum channel. Consider the quantity

X' (A) = max, X({Pz, Apz)}) (6)

{pz,pz

where x is the Holevo x quantity. Explain the operational meaning of this quantity
and show that the maximization can be restricted to ensembles of pure states [clearly
state any result from the lecture you are using].
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4 Let ‘H be a Hilbert space and p,o € D(H) be two density matrices.

(a) Show that the trace distance is monotonous under quantum channels, i.e. for any
linear CPTP map
A:B(H) — B(K) (1)

it holds that ) )
SIAR) =A@l < 5llo—ally 2)

[Clearly state any result from the lecture you are using and justify your steps.]

(b) Show that there exists a positive operator 0 < P < 1 such that
lp—ally = Te(P(p — o)) + [Te((L = P)(p — 0))|. (3)

(c) Show that for any POVM {A;}" , and any orthonormal basis {|k)};*; of C™, the
channel

A:B(H) = B(C™)  Alp) =Y [k)k| Tr(Agp) (4)

k=1
is CPTP. [Hint: Find a set of Kraus operators to show complete positivity.]
(d) Show that
lp=oly =, max zk: | Tr(Arp) — Tr(Ago)| (5)

where the maximization is over all POVMs {Aj} (with arbitrarily many elements).

(e) The fidelity of two quantum states is defined as

Fp.o) =T |\ [V i 6)

It can also be expressed as an minimization over all POVMs:
F = i Tr(Agp) Tr(Ago) . 7
(p;0) {Akfné%m%: VTr(Agp) Tr(Ayo) (7)

Use this to show that ]
Sl —ally > 1-Fp,0) (5)

[Hint: Use that [p —q| > (/P — \/2)* for all p,q > 0]
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(a) Show that for any pure bipartite state pap = | ap)XYaB|,

S(pa) = S(pB) - (1)

Consider a channel A : B(Hg) — B(Hg) with associated Stinespring isometry
U:Hg—Ho@He  Alp) =Trg(UpUT). (2)

Let p € D(Hg) be an arbitrary input state and |¢rg) be a purification of p. We define
the pure state

[YrQE) = (1R @ U) |$RQ) (3)

and the associated density matrix
ORQE = [VRQENVRQE] - (4)

(b) State the definition of I.(A, p), the coherent information of a channel with respect
to the input state p.

(c) Show that there always exists an input state p such that
I.(A,p) = 0. (5)

(d) Prove the following relation

L(A,p) = 5(I(R: Q) ~ I(R : E)) (6)

where the mutual informations on the right-hand side are with respect to the state
ORQE-

(e) The channel A is called anti-degradable if there exists a linear CPTP map N :
B(HE) — B(Hg) such that for all input states p € D(Hg) with a purification
|¢ro) and associated state opgr (as defined through (3) and (4)) it holds that
(idr ® N)(0rE) = orq. Show that if A is anti-degradable then for any p € D(Hg)

I.(Ap) <0 (7)
and hence show that then

QU(A) = maxL.(A, ) = 0. (®)

[QUESTION CONTINUES ON THE NEXT PAGE]|
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(f) In its most general form, the no-cloning theorem when applied to pure states says
that there does not exist any quantum channel M such that for all pure states p

M(p)=p@p. (1)

We say that a quantum channel A can be used to transmit quantum information
perfectly over one use if there exists an encoding map £, and a decoding map D,
such that Do A o £ = id, where id denotes the identity channel.

Prove that if an anti-degradable channel could be used to transmit quantum
information perfectly over one use, then the above statement of the no-cloning
theorem would be violated.

Hint: The following two facts might be helpful:
1. If Ay : B(Ha) — B(Ha) and Ay : B(Hp) — B(Hp) are two quantum

channels, then Trp/((A1 ® A2)(wap)) = Ai1(wa) for any bipartite density
matrix WAR.

2. For any bipartite density matric wap, if wa = Trp(wap) is pure, then
WAB = WA ® WR.

END OF PAPER
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