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1 Consider a discrete-time market with n assets. At time t, asset i pays a dividend
δit and its price immediately after the dividend payment is P it . Assume the dividend and
price processes are adapted to a filtration. Adopt the notation

Xx,H
t =

{
x if t = 0
Ht · (δt + Pt) if t > 1

and
Cx,Ht = Xx,H

t −Ht+1 · Pt
for x ∈ R and n-dimensional previsible process H.

(a) Briefly explain the economic interpretation of the processes Xx,H and Cx,H . In terms
of this notation, what is a numéraire strategy?

(b) Let x and H be such that Xx,H
t > Cx,Ht > 0 for all t > 0. Show that there exists a

numéraire strategy.

Now suppose that there exists a numéraire strategy η and let Nt = Xν,η
t for t > 0,

where ν = η1 · P0.

(c) Given x and H, find another strategy K such that

Cx,Kt = 0

Xx,K
t = Xx,H

t +Nt

t−1∑

s=0

Cx,Hs
Ns

for all t > 0.

(d) Let

P̃t = Pt +Nt

t∑

s=1

δs
Ns

for all t > 0. Consider a new market with n new assets, where new asset i pays no dividend
and has time-t price P̃ it . Adopt the notation

X̃x,H
t =

{
x if t = 0

Ht · P̃t if t > 1

and
C̃x,Ht = X̃x,H

t −Ht+1 · P̃t
Given x and H, find a strategy K such that

Cx,Kt = C̃x,Ht

Xx,K
t = X̃x,H

t

for all t > 0.
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2

Consider a discrete-time market of N zero-coupon bonds of maturities 1, 2, . . . , N ,
each with risk-free unit payout. Let P T

t be the time-t price of the bond with maturity T .
Assume that there is no arbitrage in this market.

(a) Explain why there exists a positive adapted process Y = (Yt)t>0 such that

P T
t =

E(YT |Ft)

Yt
.

You may use any result from the course without proof, as long as it is carefully stated.

Let

rt =
1

P t
t−1

− 1.

(b) Suppose that rt > 0 for all t > 1. Prove that the process Y from (a) is a
supermartingale.

(c) Fix T 6 N and consider a European contingent claim with time T payout ξT = rT −f,
where f is a constant. Find a strategy of trading zero-coupon bonds that replicates this
claim. Show that if

f =
P T−1
0

P T
0

− 1

then the initial no-arbitrage price of the claim is ξ0 = 0.

(d) An interest rate swap is a contract that makes T payments of the amount rt − s at
each time t = 1, . . . , T , where s is a constant. If the initial no-arbitrage price of this claim
is zero, find s in terms of the initial bond prices P 1

0 , . . . , P
T
0 .

3

Consider a one-period market of n assets with the time-t price of asset i denoted
P i
t . No asset pays a dividend.

(a) What does it mean to say a contingent claim can be replicated? What does it mean
to say that the market is complete?

Now suppose that the market is complete.

(b) Show that the sample space can be partitioned into at most n events of positive
probability.

(c) Suppose that P0 = E(XP1) = E(Y P1) for random variables X and Y . Show that
X = Y almost surely.

(d) Let Q be the n×n matrix Q = E(P1P
>
1 ), where the notation A> denotes the transpose

of the matrix A. Suppose that Q is positive definite, and let Z = P>1 Q−1P0. Assuming
the market has no arbitrage, show that Z > 0 almost surely. [You may use a fundamental
theorem of asset pricing if carefully stated.]
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4 Given a n-dimensional adapted processM and n-dimensional previsible process H,
let

Xt =
t∑

s=1

Hs · (Ms −Ms−1).

(a) Show that if M is a martingale, then X is a local martingale. [You may use without
proof the fact that the martingale transform of a bounded previsible process with respect
to a martingale is a martingale.]

For the rest of the problem, the assumption that M is a martingale is now dropped.
Let

T = inf{t > 1 : P(Xt > 0) = 1 and P(Xt > 0) > 0}
and suppose T <∞. Let

θ =
HT

‖HT ‖
1{HT 6=0,XT−160}

and ξ = θ · (MT −MT−1).

(b) Show that ξ > 0 almost surely.

(c) Show that P(ξ > 0) = P(XT > 0, XT−1 = 0) + P(XT−1 < 0).

(d) Consider three cases:

(i) Case P(XT−1 = 0) = 1.

(ii) Case P(XT−1 < 0) > 0.

(iii) Case P(XT−1 = 0) < 1 and P(XT−1 < 0) = 0.

Show that in cases (i) and (ii) that P(ξ > 0) > 0. Show that case (iii) is impossible.

(e) Show that M cannot be a martingale.
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Consider a continuous-time market with n-dimensional Itô process P = (Pt)t>0

modelling the prices of n assets. No asset pays a dividend.

(a) What does it mean to say a n-dimensional previsible process H is a self-financing
strategy? What does it mean to say a self-financing strategy H is admissible? What does
it mean to say that a real-valued Itô process Y is a local martingale deflator?

(b) Let H be an admissible self-financing strategy and Y a local martingale deflator. Let
Xt = Ht · Pt for all t > 0. Show that the process XY is a supermartingale.

(c) Fix an initial wealth X0 > 0 and time horizon T > 0, and consider the problem
of maximising the expected utility E[U(XT )] over admissible self-financing strategies H
where Xt = Ht · Pt for all 0 6 t 6 T , and where U : R+ → R is increasing, concave and
differentiable.

Let Û(y) = supx>0{U(x)− xy}. Show that the inequality

E[U(XT )] 6 E[Û(YT )] +X0Y0

holds for any admissible self-financing H and any local martingale deflator Y , and that
there is equality if U ′(XT ) = YT and XY is a true martingale.

(d) Now consider the case where n = 2 and P = (B,S), where

dBt = Btr dt

dSt = St(µ dt+ σ dWt)

where r, µ, σ,B0, S0 are real constants such that σ,B0, S0 > 0 and where W is a Brownian
motion. Show that there is a local martingale deflator Y with dynamics of the form

dYt = −Yt(r dt+ λ dWt)

where λ is a constant to be expressed in terms of the constants r, µ and σ. Show that if
H = (φ, π) is a self-financing strategy and X = φB + πS then

d(XtYt) = Yt(πtStσ −Xtλ)dWt

(e) Reconsider the utility maximisation problem of part (c) in the case where U(x) = log x
and Û(y) = − log y − 1 in the context of the model in part (d). Show that

E(logXT ) 6 logX0 + (r + 1
2λ

2)T

with equality if πt = Xtλ
Stσ

for all 0 6 t 6 T .

[You may use standard results from stochastic calculus as long as they are stated clearly.
You may assume all integrands are suitably integrable so that the stochastic integrals are
well-defined.]
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6 Let

dXt = −1

2
Z2
t dt+ ZtdW

X
t

dZt = B(Zt)dt+ C(Zt)dW
Z
t

where WX and WZ are Brownian motions with constant correlation ρ. Fix a time horizon
T > 0 and a function g, and let the smooth function U on [0, T ]× R× R solve the PDE

∂U

∂t
+B

∂U

∂z
+

1

2
C2∂

2U

∂z2
+ zCρ

∂2U

∂z∂x
+

1

2
z2

(
∂2U

∂x2
− ∂U

∂x

)
= 0

with terminal condition

U(T, z, x) = g(x) for all z, x ∈ R.

(a) Show that the process (Mt)06t6T defined by Mt = U(t, Zt, Xt) is a local martingale.

Now suppose that g(x) = eθx for a constant θ.

(b) By making the substitution U(t, z, x) = eθxV (t, z) derive a PDE for V . What is the
terminal condition?

Specialise to the case where B(z) = a− bz and C(z) = c for some constants a, b and
c.

(c) Show there is a solution to the PDE derived in part (b) of the form

V (t, z) = eP (T−t)+Q(T−t)z+R(T−t)z2

for function P,Q and R satisfying a system of ordinary differential equations

Ṙ = F (R)

Q̇ = G(Q,R)

Ṗ = H(Q,R)

where Ṙ denotes the derivative of R, etc., and the functions F , G and H should be given
explicitly in terms of the parameters a, b, c, ρ and θ.

[You may use standard facts from stochastic calculus without proof, as long as they are
clearly stated.]
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