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1 On R* with coordinates (z1,y1,x2,y2), consider the smooth family of 1-forms
1 ]
o5 = §(x1dy1 —y1dxy) + §(m2dy2 — y2dx2),

where s € (0,00). Consider the unit 3-sphere $3 C R?* given by 32 (22 4 y?) = 1 and let
¢ : 5% — R* denote the inclusion map. Show that for each s € (0,00), as := t*0 defines
a contact form on S3. Find the Reeb vector field R, associated to as. Prove that for s
irrational R, has only two closed orbits.

2 Let (M,w) be a symplectic manifold. Suppose X is a compact Lagrangian
submanifold with H'(X,R) = {0}. Show that every embedding j : X — M which is
sufficiently C'-close to the inclusion X <+ M and such that j(X) is Lagrangian, has the
property that j(X) N X has at least two points. Is the claim still true if we drop the
assumption that H!'(X,R) = {0}?

[You may assume the Weinstein tubular neighbourhood theorem, provided it is
clearly stated. You may also assume that a smooth map which is C''-close to the identity
is a diffeomorphism.]

3 (a) Let X be an n-dimensional manifold and let o denote the Liouville 1-form of
T*X. Given a diffeomorphism f : X — X explain how to lift it to a natural diffeomorphism
fy i T*X — T*X such that f;';a = qa.

(b) Let S? C R? be the unit sphere and w = —da the canonical symplectic form of
T*S? with projection 7 : T*S? — S2. Consider the 2-form o on S? given by

ou(v,w) = (u,v X w),

where u € S?, v,w € T,S? are vectors in R3, x is the cross product and (-,-) is the
standard inner product. Consider the 2-forms on T*S5?

wy =w=x 70

Show that wi and w_ are symplectic forms. Are wy and w_ strongly isotopic? Are w,
and w_ symplectomorphic?
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4 Let L be a Lagrangian submanifold of a symplectic manifold (M,w) and H : M — R
a Hamiltonian such that H restricted to L is constant. Show that the Hamiltonian flow
of H preserves L.

Let V' be a vector field on a manifold X with flow ¢; defined for all £ € R. Consider
T*X with its standard symplectic form and for each t € R, let 1y := (¢¢) 4 : T*X — T*X
denote the lift of ¢; to T*X. Show that v is also a flow, that is, ¥s1s = 1 0 Y, for all
s,t € R. Let Vi denote the vector field of the flow v, that is,

d

V#($7§) = % 0¢t($»§)a fOI‘ (xvg) € T*X
t=

Show that Vu is the Hamiltonian vector field of the Hamiltonian H : T*X — R given by
H(z,§) = £(V(x)).

Let Y C X be a submanifold invariant under the flow ¢;. Show that the conormal
bundle N*Y of Y is invariant under the flow ;.
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