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1 Define an almost complex structure J on a smooth manifold M . Given an almost
complex structure, define what is meant by the differential (p, q)-forms on M and by the
the differential operators ∂ and ∂̄ on complex differential forms on M .

Prove that the following three statements are equivalent:

(i) if X, Y are vector fields of type (1, 0) on M , then the vector field [X,Y ] is also of
type (1, 0);

(ii) dα = ∂α+ ∂̄α for each complex 1-form α on M ;

(iii) ∂̄∂̄f = 0 for every complex-valued function f on M .

An almost complex structure J is said to be integrable if any of (i), (ii), (iii) holds.

If M is a complex manifold, explain what is meant by the almost complex structure
JM induced by the holomorphic atlas, showing that JM is independent of the choice of
local complex coordinates and integrable.

Let ϕ be a (0, q)-form on Cn, q > 0, such that ∂̄ϕ = 0. Show that for each bounded
polydisc there is a (0, q − 1)-form ψ on this polydisc such that ϕ = ∂̄ψ.

Explain briefly why the form dz̄ on C induces a well-defined (0, 1)-form on the
quotient manifold C/(z ∼ z+ i), z ∈ C. Is this latter (0, 1)-form ∂̄-exact on C/(z ∼ z+ i)?
Justify your answer.

[Basic relations between real differential forms and real vector fields may be assumed if
accurately stated.
You may assume that if g is a smooth function on C and D ⊂ C is an open disc, then

f(z) =
1

2πi

∫

D

g(w)

w − z dw ∧ dw̄ is smooth and
∂f

∂z̄
= g holds on D.]

2 Define the terms holomorphic line bundle L over a complex manifold X and
holomorphic local section of L. Suppose that a holomorphic line bundle L is endowed
with a Hermitian inner product h on the fibres. Define what is meant by the Chern
connection on L. Prove the existence and uniqueness of a Chern connection.

Prove a formula for the curvature form F (A) of the Chern connection in terms of
non-vanishing local holomorphic sections of L, showing that F (A) is a (1, 1)-form which
is well-defined globally over S.

Show further that if ĥ is another Hermitian inner product on the fibres of L and
Â is the corresponding Chern connection, then F (Â) − F (A) = ∂̄∂u, for some smooth
function u on X.

Now let L1, L2 be two holomorphic line bundles and let A1, A2 be connections on
respectively L1, L2. Explain how A1 and A2 induce a connection A1⊗A2 on L1⊗L2 with
curvature F (A1) + F (A2). Show that if each Ai is the Chern connection for a Hermitian
inner product hi on the fibres of Li, then A1⊗A2 is the Chern connection for an appropriate
Hermitian inner product h on L1 ⊗ L2 which you should determine.

[Standard properties of connections on complex vector bundles over smooth manifolds may
be assumed if accurately stated.]
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3 Define the tautological bundle O(−1) over CPn and show that it has holomorphic
transition functions (for appropriate local trivializations). Define, for an arbitrary
integer k, the holomorphic line bundle O(k) over CPn. State the relation between
transition functions for O(−1) and transition functions for O(k).

Show that every hyperplane H in CPn is a divisor of O(1). By considering
appropriate meromorphic functions on CPn, or otherwise, show that every effective divisor
of O(1) is given by a hyperplane in CPn.

[Basic properties of divisors of holomorphic line bundles may be assumed if accurately
stated.
If needed, you may assume that if f : Cn → C is a holomorphic function such that
|f(a+bz)| < C max{1, |z|} for all z ∈ C and a, b ∈ Cn, with a constant C > 0 independent
of z, then f is a linear function.]

Define the blow-up σ : X̃ → X of a complex manifold X, dimCX > 1, at a point
x ∈ X. Show that X̃ is a complex manifold and σ is a holomorphic map which are (up to
biholomorphic equivalence) independent of a choice of coordinates.

Now let X = C2 and x = 0 and consider the map a(z) = −z, z ∈ C2. Prove
that a lifts to a holomorphic map ã : C̃2 → C̃2 such that a ◦ σ = σ ◦ ã and the quotient
S = C̃2/(p ∼ ã(p)), p ∈ C̃2 is a complex manifold. Show further that S is biholomorphic
to the total space of the line bundle O(−2) over CP 1.

4 Let (X,h) be a Hermitian manifold. Define the fundamental form ω of the
Hermitian metric h and show that ω is a real (1, 1)-form. Show that the volume form
of h can be expressed as ωn/n!, where n = dimC(X). Define the Hodge ∗-operator and
show that ∗ω = ωn−1/(n− 1)!.

Define the Laplacian ∆ = ∆d and the complex Laplacian ∆∂̄ on X. State the Hodge
theorem for the space of (p, q)-forms. Show that if a (p, q)-form η on a compact Hermitian
manifold satisfies ∆∂̄η = 0, then η is ∂̄-closed and is not ∂̄-exact unless η = 0.

Now let X be a compact Kähler manifold. Prove that d cd∗ + d∗d c = 0. Suppose
that a complex k-form α ∈ Ωk(X) is d-closed and d c-exact. Prove that there exists a form
β ∈ Ωk−2(X) such that α = dd cβ.

[You may assume that the formal L2-adjoint of ∂̄ on a Hermitian manifold can be expressed
as ∂̄∗ = −∗∂∗. The identities [∂̄∗, L] = i∂ and ∆ = 2∆∂ = 2∆∂̄ on Kähler manifolds may
be assumed, if you define L.]

END OF PAPER

Part III, Paper 118


