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1 Each of the two parts of this question gives a mathematical statement with two
underlined terms.

For each of them, first give a precise and correct definition of the two underlined
terms (five marks for each defined term); then explain why the statement holds (ten marks
for each statement).

In your explanation, you are not required to give proof details; instead, explain
the proof structure of the result stated by providing mathematically precise and correct
statements of theorems proved in the lectures and arguing how the result stated follows
from them.

(a) If κ is a weakly compact cardinal , then there is an inaccessible cardinal smaller than κ.

(b) Every measurable cardinal is a 1-strong cardinal .
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(a) Prove that every measurable cardinal is a strong limit cardinal.

In parts (b) through (f), you may use theorems proved in the lectures provided that
you state them clearly and precisely.

(b) We say that a first order formula ϕ describes an ordinal α if α is the least ordinal
such that Vα |= ϕ. Show that if κ is inaccessible there is no first order formula that
describes κ.

(c) If Φ is a cardinal property, we write ΦC for the statement “there is a cardinal κ such
that Φ(κ)”; if ΦC holds, we write ιΦ for the least cardinal κ such that Φ(κ).

As in the lectures, we write Φ <1 Ψ if and only if ZFC + ΦC + ΨC implies that
ιΦ < ιΨ. Assuming appropriate consistency statements, show that the relation <1 is
not transitive, i.e., there are cardinal properties Φ0, Φ1, and Φ2 such that Φ0 <1 Φ1,
Φ1 <1 Φ2, but Φ0 ≮1 Φ2.

(d) Let

T := ZFC + “there is a worldly cardinal” and

T ∗ := ZFC + Cons(ZFC).

Assume that both theories are consistent and show that T has strictly greater
consistency strength than T ∗.

For parts (e) and (f), assume that κ0 < κ1 < λ are such that κ0 and κ1 are
measurable and λ is inaccessible. Let U0 be a κ0-complete ultrafilter on κ0, U1 be a
κ1-complete ultrafilter on κ1, and j0 : Vλ → M0 and j1 : Vλ → M1 be the ultrapower
embeddings into transitive models M0 and M1 built from U0 and U1, respectively.

(e) Determine j0(κ1) and j1(κ0).

(f) Assume that Vλ |= GCH. Show that neither j0(κ0) nor j1(κ1) is a cardinal in Vλ.
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