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1 Let W be a group generated by a finite set S of involutions.

(a) Write down the condition required for the pair (W,S) to satisfy the deletion
condition (D) and the condition required for the pair (W,S) to satisfy the exchange
condition (E).

The pair (W,S) satisfies the folding condition (F), if the following condition holds:
suppose w ∈ W and s, t ∈ S are such that lS(sw) = lS(w) + 1 and lS(wt) = lS(w) + 1.
Then either lS(swt) = lS(w) + 2 or swt = w.

(b) Show that the conditions (D), (E), and (F) are equivalent, by proving (D) ⇒
(E) ⇒ (F) ⇒ (D).

2 Let (W,S) be a Coxeter system, and R = {wsw−1 |w ∈ W, s ∈ S}.

(a) Define the Cayley graph for W with generating set S, CayS(W ), and the wall Hr

associated to a reflection r ∈ R.

(b) Given a reflection r ∈ R and element w ∈ W , show that Hr separates e from w
in CayS(W ) if and only if lS(rw) < lS(w).

(c) Show that if an element w0 ∈ W satisfies that lS(rw0) < lS(w0) for all r ∈ R, it
follows that for all u ∈ W , lS(w0) = lS(u) + lS(u−1w0).

3 Let (W,S) be a Coxeter system, T ⊆ S and WT = 〈T 〉 the subgroup of W
generated by T .

(a) Show that (WT , T ) is a Coxeter system.

(b) Show that for w ∈ WT , any reduced word (s1, . . . , sk) representing w in W
satisfies si ∈ T for all i.

(c) Show the following inclusions of subgroups in Coxeter groups:

W (An) ⊂W (Bn+1), W (A7) ⊂W (E8), W (D7) ⊂W (E8).

(d) Without using the classification of finite Coxeter groups, show that the Coxeter
group

W = 〈s, t, u | s2 = t2 = u2 = (st)4 = (tu)4 = (su)2 = e〉
is not a subgroup of the finite Coxeter group W (B4).
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4 Let (W,S) be a Coxeter system. Recall that the Davis complex Σ(W,S) can be
defined in two equivalent ways, as:

(i) A basic construction U(W,K).

(ii) The geometric realisation Flag(P) of the poset P = {wWT |w ∈ W, T ∈ S}.

(a) Draw the Davis complex Σ(W,S) twice for the Coxeter system with S = {s, t}
and mst = 2, first using definition (i) and then using definition (ii).

(b) Let (W,S) be a Coxeter system. Show using definition (i) that for every w ∈ W
and every T ∈ S, the conjugate wWTw

−1 appears as the stabiliser of some vertex of the
Davis complex Σ(W,S).

(c) Let (W,S) be a Coxeter system. Prove that the Davis complex Σ(W,S) is
contractible. You can use the following claims without proof:

C1: If there exists w0 ∈ W such that lS(sw0) < lS(w0) for all s ∈ S then W is finite.

C2: For every parabolic subgroup WT of W , there exists a unique element w ∈ W of
minimal length in the coset wWT , such that all elements w′ ∈ wWT can be written
as w′ = wa for a ∈ WT with lS(w′) = lS(w) + lS(a).

C3: If T ∈ S, then KT = ∪t∈TKt is contractible. (Here Kt is the t-mirror in the
fundamental chamber K.)

C4: The union of two contractible spaces with contractible intersection is contractible.
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