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1 Spectral Regularisation
Let X and Y be Hilbert spaces and A: X — )Y a linear bounded operator. We
consider the following inverse problem

Au=f

for f € Y.

1. Give the definition of a well-posed problem and an ill-posed problem in the sense of
Hadamard. Give the definitions of a regularisation and a convergent regularisation.

2. Let (o, x;,9;) be the singular system of a compact operator A. Consider the
following operator
T, := AP,,

where P, is the projector onto the subspace spanned by the first n singular vectors
xz;, © = 1,...,n. Show that the Moore-Penrose inverse of T,, is given by

(To)t = ATQn,
where @, is the projector onto the subspace spanned by the first n singular vectors

yi, i =1,...,n, and AT is the Moore-Penrose inverse of A.

Hint: verify the Moore-Penrose equations.

3. The following iterative process is referred to as Landweber iteration

{ukﬂ S ([ = rA A+ A, k=12,

UOE

)

where f € D(AT) and 7 > 0.

(a) Show that this method can be expressed as a spectral regularisation method
and give the corresponding representation in terms of the singular system of

A.
(b) What is the regularisation parameter in this method?

(c) Give sufficient conditions under which Landweber iteration defines a regu-
larisation [proof required]. Write these conditions in terms of the norm of

A.

Hint: you can use the fact that for any k € N and any a > 0
k

S (- et = 21— (1—a)b).

X a
=1
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2 Variational Regularisation

1. Define Total Variation of a function u € L'(£2), where Q C R" is a bounded domain.
Define the spaces BV(Q) and BV(€2). Write down the Poincaré inequality for Total
Variation.

2. Let X and Y be Hilbert spaces, A: X — Y a linear bounded operator and
J: X — RU {400} a proper convex lower semicontinuous functional. Give the
definition of a J-minimising solution u} of the equation

Au=f
with f € R(A). Formulate the source condition for a J-minimising solution u}
Prove that the source condition is equivalent to the following range condition

Range condition. For any fixed a > 0 there exists g € Y such that

1
u} € arg min §\|Au — 9|13 + ad (u).
ueXx

Hint: Consider necessary and sufficient first order optimality conditions for the
optimisation problem above.

3. Let X be a Hilbert space and J: X — R U {400} a proper convex lower
semicontinuous and absolutely one-homogeneous functional.

(a) Show that for any ¢ > 0 and any u € X
0J (cu) = 0T (u),

where 0.7 is the subdifferential of J.

Hint: You may use the characterisation of the subdifferential of an absolutely
one-homogeneous functional from one of the example sheets.

(b) A function f € X is called an eigenfunction of J corresponding to the
eigenvalue \ € R if
AfedT(f).

Show that if f is an eigenfunction corresponding to an eigenvalue A > 0 then
the function u = (1 — Aa) f solves the following optimisation problem

.1 9
umelgzllu—fll +aJ (u),
Wherea<%.

Hint: Consider necessary and sufficient first order optimality conditions for
the optimisation problem above.
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3 Bayesian inverse problems and well-posedness

Let (2, F,P) be a probability space. Let X be a separable R-Banach space and BX
be the associated Borel-o-algebra. Let N := {1,2,...} denote the positive integers. Let
(Q1, F1), (2, F2) be two measurable spaces and let g : 3 — Q9 be a function. We denote
g: (1, F1) = (Q2, F2), if ¢ is measurable from (21, F1) to (Q2, F2).

1. (a) Define a Bayesian inverse problem on (X, BX) with prior ug € Prob(X, BX)
and likelihood L : (X x Y, BX ® BY) — (R, BR).

(b) Define the total variation distance dtv on Prob(X,BX).

(c) Define the (Prob(X,BX), drv)-well-posedness of a Bayesian inverse problem
and explain the role of dpy in this definition.

(d) Give the four general assumptions on po and L under which the associated
Bayesian inverse problem is (Prob(X,BX), drv)-well-posed (a proof is not
necessary).

2. Let Y := R, where k € N. We consider the inverse problem where we aim to
identify u € X from the observation f, € ) which is defined as a sample from

A(u) + N,

where A : (X,BX) — (V,BY) and N : (Q,F) — (), BY), where N ~ pipoise. Here,
Lnoise 18 the probability measure which has the following density with respect to the
Lebesgue measue \g:

9(y) = exp(=2[ly[)  (ye).

(a) Show that for any value of the parameter u € X, the probability distribution
of the observable P(A(u) + N € -) has a A\;-density. Write down a likelihood
function that is associated to the inverse problem of identifying « from the
observation f,, and show that it is measurable.

(b) Let po € Prob(X,BX) be a probability measure. Find a likelihood L’ that
is po ® Ag-almost everywhere identical to the likelihood in (a) such that the
Bayesian inverse problem with prior ug and likelihood L’ is
(Prob(X, BX, uo), dry)-well-posed.

Hint: You may apply the conditions in part 1(d) without proof.

[QUESTION CONTINUES ON THE NEXT PAGE]|
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3. (a) Let u,u’ € Prob(X,BX). Show that there is a o-finite measure v on (X, BX),
such that pu, 1/ < v.

(b) Let now p be some o-finite measure on (X, BX) and
Prob(X,BX, p) := {u € Prob(X,BX) : u < p}.

We define the Hellinger distance between u, u’ € Prob(X,BX, p) by

2
du dp/
vty = [ (/2 ) 4
Hel (14, 1) X( 4 dp) P

Show that this function is well-defined by proving that the integral

2
du du’
— =4/ d
/X <\/ dp \/ dp) P
is finite.

(c) Let u,p/ € Prob(X,BX,p). Show that the following inequality holds:

dier (i, 1')? < 2drv (p, 1)

Hint:  You may use the formula dpy(p,p') = %fx )g—’; - i—’;"dp without
proving 1t.

(d) Consider a Bayesian inverse problem with prior pg € Prob(X,BX) and
likelihood L : (X x Y,BX ® BY) — (R,BR) and assume that it is
(Prob(X,BX), dtv)-well-posed. Show that the Bayesian inverse problem is
then also (Prob(X, BX, up), die )-well-posed.
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4 Gaussian measures

Let (2, F,P) be a probability space. Let X’ be a separable R-Banach space and BX
be the associated Borel-o-algebra. Let N := {1,2,...} denote the positive integers. Let
(Q1,F1), (2, F2) be two measurable spaces and let g : 3 — Q9 be a function. We denote
g: (1, F1) = (Q2, F2), if ¢ is measurable from (21, F1) to (Q2, F2).

Hint: Throughout this exercise you may use the following results without proof:
Let my,ma,0%,03,a,b € R, and 03,05 > 0. Moreover, let & : (Q,F) — (R,BR) and
& 1 (Q,F) — (R,BR) be random variables, where & ~ N(my,0%),& ~ N(mg,03) are
independent and identically distributed. Then, (i) a&y + b ~ N(amy + bma, a*0% + b?03)
and (i) [, &1dP =my and [ AP = 0% +m3.

1. Give the definition of a Gaussian measure on (X, BX) and its mean and covariance
operator.

2. Let X := L*([0,1],B[0,1],A1) and A € B0, 1], with A\;(A) € (0,1). Moreover, let
¢1:= 14, and g3 := 1o pa- Let & : (2, F) — (R, BR) and & : (2, F) — (R, BR)
be random variables with &1, & ~ N(0, 12) independent and identically distributed.

(a) Show that 1,9 € X.
(b) Show that the distribution of the random variable U : (Q,F) — (X,BX)
given by
U= &ip1 + S22

is a Gaussian measure on (X, BX) and determine its mean and covariance
operator.

(c) Show that 1, 2 are orthogonal eigenvectors of the covariance operator of U.
Then determine the associated eigenvalues and show how they depend on the
Lebesgue measure of A.

3. Let D :=[0,1]",n € N be a compact space and X := L?*(D,BD, \,). Moreover,
let £ € N, (goi)f:l € X* be an orthonormal family, and vy,...,1; > 0. Let
£:(Q, F) — (R¥, BR¥) be a random variable, with &1, ..., &, ~ N(0,12) independent
and identically distributed and U : (Q, F) — (X, BX) be a Gaussian random field,
given by U := Zle VVi&ipi. Show that the random variable X : (2, F) — (R, BR),

wH/DU(w;x)dAn(x)

is distributed according to a Gaussian measure and determine its mean and variance.
Finally, determine [, |U||%dP.

END OF PAPER
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