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Consider the scalar field theory in one spatial dimension with Lagrangian density

L =
1

2
(∂tφ)2 − 1

2
(∂xφ)2 − U(φ) ,

where the potential U has the form

U(φ) =
1

2
(1− φ2)2 + 2ε

(
φ− 1

3
φ3

)

with |ε| < 1. Show that U has local minima at φ = ±1.

In the case ε = 0, derive the first-order equation satisfied by a static kink solution.
Find the explicit kink solution and its energy.

Assume now that ε is small and positive. Find the acceleration of a field config-
uration that initially has the form of a kink at rest. Show also that there is a static
antikink-kink solution (satisfying φ → 1 as x → ±∞) and estimate the separation of the
antikink and kink.

[You may assume that when ε = 0 the force exerted by an antikink on a kink is
32e−2s where s is the antikink-kink separation.]

2

Explain what is meant by the N -vortex moduli spaceMN for abelian Higgs vortices
at critical coupling, and how MN acquires a Riemannian metric from the field theory.
Describe the geometry of the moduli spaces for N = 1 and N = 2.

Consider the scattering of two vortices in the centre of mass frame, using the geodesic
approximation to scattering. Describe qualitatively how the scattering angle varies with
impact parameter. Compare this scattering behaviour of vortices with the scattering
behaviour of two identical point particles in two dimensions, subject to a repulsive central
potential that has a finite maximum when the particles coincide. Comment on the
difference between the range of scattering angles that occur.

[In each case you should sketch a graph of scattering angle versus impact parameter,
for impact parameters running from −∞ to ∞, and for two fixed values of the incoming
speeds — one small and one large.]
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3

Give an account of the rational map approximation for Skyrmions, mentioning some
of its topological and energetic aspects.

There is an icosahedrally symmetric Skyrmion with baryon number 7 that can be
approximated using the rational map

R(z) =
z7 − 7z2

7z5 + 1
.

Verify that R(z) has C5 symmetry around the point z = 0, and that this extends to D5d

symmetry.

Find the Wronskian of R(z) and hence the zeros of the Wronskian. Sketch the
locations of the zeros in the complex plane. Interpret these locations geometrically and
physically in the context of the Skyrmion.
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