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Consider a theory which has an effective free energy

f(T,m) = a2(T )m2 + a4m
4 + a6m

6 ,

in the mean field approximation, where m is the magnetisation, a6 > 0 and a2(T ) varies
from positive to negative as the temperature T is lowered.

(a) For given a2, a4, a6 and T , how can the equilibrium value of m be determined
from f?

(b) If a4 < 0, sketch f(m) at the temperature where there is a first order phase
transition. Find an expression for a2 in terms of a4 and a6 at this point. What is the
jump in the magnetisation at this phase transition?

(c) If a4 = 0, a phase transition occurs at a2(Tc) = 0 and a2 ∼ (T−Tc) in the vicinity
of this point. Compute the critical exponents α, β, γ and δ at this phase transition.

(d) Why would you expect the critical exponents calculated in part (c) to be
inaccurate when the number of dimensions is small?

(e) Consider a model defined on a square lattice in d dimensions. The N lattice
sites are labelled by i and the spin variable σi at site i takes the value 1, 0, or −1. The
energy is given by

E = −J
∑

〈ij〉
σiσj + g

∑

i

σ2i −B
∑

i

σi ,

where J > 0, g and the magnetic field B are constants, and 〈ij〉 means that the sum is
over nearest neighbour pairs.

(i) Using the mean field approach, show that the effective free energy per unit
site can be approximated by

f =
F

N
=

1

2
Jqm2 − T ln

[
1 + 2κ cosh

(
β(Jqm+B)

)]
,

where β = 1/T , κ = exp(−βg) and q is the number of nearest neighbours of
each site. [Hint: Do not approximate the g

∑
i σ

2
i term.]

(ii) For B = 0, by treating m2 as small and expanding f as a power series in m2,
find the values of T and κ for which the mean field approximation predicts a
tri-critical point.
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Consider a theory involving a real scalar field φ in d dimensions with a free energy
of the form

F [φ] =

∫
ddx

[
1
2∇φ · ∇φ+ 1

2µ
2
0 φ

2 + . . .
]
. (∗)

(a) Describe the three steps of the renormalisation group procedure (in momentum
space) for such a free energy and explain how they result in a flow of the parameters in
the free energy.

(b) Calculate the naive (engineering) dimension of φ.

(c) Now suppose that, close to the relevant fixed point, the correlation function
scales like

〈φ(x)φ(0)〉 ∼ 1

|x|d−2+η ,

for some constant η. Calculate the scaling dimension ∆φ of the field φ in terms of η. Why
does this differ from the engineering dimension?

(d) Ignoring interactions, compute the scaling dimension ∆g of the coupling g
appearing in a term in the free energy

∼
∫
ddx g φn (∇2φ)m ,

where n and m are non-negative integers. Give conditions on ∆g for the coupling to be
relevant, marginal and irrelevant.

(e) Suppose that the free energy contains quadratic terms in φ, as in equation (∗),
along with

∼
∫
ddx

[
α0 φ

3 + γ0 φ
5
]
.

Compute the lowest order correction to the coupling α0 from γ0. Draw a Feynman diagram
for this correction. [You may assume that 〈φ+

k
φ+
k′〉+ = (2π)d δ(d)(k + k′)G0(k), where

G0(k) = 1/(k2 + µ20), for appropriately defined φ+ and 〈. . .〉+, and you may leave your
final answer in integral form.]

(f) Suppose that the free energy contains quadratic terms in φ, as in equation (∗),
along with

∼
∫
ddx

[
α0 φ

3 + λ0 φ
4
]
.

(i) What is the lowest order at which α0 appears in a correction to λ0? [You are
not required to compute the correction.]

(ii) What is the lowest order at which λ0 appears in a correction to α0? [You are
not required to compute the correction.]
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Consider an N -component real field n(x) which is constrained to have unit length,
n · n = 1, in d dimensions. The free energy is

F [n] =

∫
ddx

1

2g
(∂inA)(∂inA) ,

where repeated indices are summed over, i = 1, 2, . . . , d and A = 1, 2, . . . , N .

(a) What is the naive (engineering) dimension of the coupling g?

(b) By writing n(x) = (π(x), σ(x)), where π has N − 1 components, show that the
free energy can be expressed as

F [π] =

∫
ddx

1

2g

[
(∂iπa)(∂iπa) +

πa(∂iπa)πb(∂iπb)

1− π · π

]
,

where repeated indices are summed over, i = 1, 2, . . . , d and a, b = 1, 2, . . . , N − 1.

(c) By Taylor expanding for small π and integrating out wavevectors over an interval
Λ/ζ to Λ, show that, to leading order,

1

g(ζ)
= ζd−2

(
1

g0
+ (2−N)Id

)
,

where

Id =

∫ Λ

Λ/ζ

ddq

(2π)d
1

q2
.

[You may assume that 〈π+
k a
π+
k′ b〉+ = g0 δab (2π)d δ(d)(k+ k′)/k2 for appropriately defined

π+ and 〈. . .〉+, and that the appropriate scaling for the fields is π′ = π−/A where
A = 1− 1

2(N − 1) g0 Id.]

(d) If d = 2+ε and ε > 0 is small, show that the beta function can be approximated
as

dg

ds
≈ −ε g +

Ωd−1

(2π)d
Λε (N − 2) g2 ≈ −ε g + (N − 2) Λε

g2

2π
,

where s = ln ζ and Ωd−1 is the area of the unit sphere Sd−1.

(e) Find the fixed points, g?, of this equation.

(f) Identifying g with temperature, find the critical exponent ν for these fixed points.
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