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1 Take a simple Lie algebra L with exactly two simple roots a3 = (1,0) and
o = (—3/2,4/3/2). Assume that E;y, H; are the SU(2) generators associated with root
a; (i =1,2). Here, we define a weight to be positive if its Hy eigenvalue is positive (if this
is zero, then the weight is positive if the eigenvalue of Hj is positive).

(i) Calculate the Cartan matrix of L.

(ii) State how many times a; may be raised with ay without annihilating the state and
how many times as may be raised with «; without annihilating the state.

(iii) If p is a weight and a a root, write down another weight in terms of g and «
assuming Weyl symmetry.

(iv) Thus construct the adjoint representation of L and draw its weight diagram, labelling
it carefully.

(v) Determine the fundamental weights g1 and po.

(vi) By using Weyl symmetry and F;i, find weights for the irreducible representation
with highest weight vector p; and draw the weight diagram.
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A Lie group has group elements g(x) depending on group parameters x”, with

g(0) = e, the identity, and under group multiplication g(z)g(y) = g(z) for 2" = ¢"(x,y), a
smooth function of x and y. Let g(z)~! = g(Z). Assume general group axioms throughout
this question.

(i)
(i)

(iii)
(iv)

Find ¢"(z,0), ¢"(0,z) and ¢"(z,x) in terms of z".
Expanding ¢"(z,y) near the origin, we write

O (z,y) = F" + Ax" + By" + CTgx’yt + D'ya’st + ETqy’yt + .. .,

where ‘..." represents terms higher order in the components of z and y. Find the
numerical constants F", A, B, D", E'g.

Find Z(z) for small 2" up to and including terms of order z"x!.

Let g(w) = g(x)"1g(y)~tg(x)g(y). For small z and y, find w” in terms of C"y and
the components of z and y up to and including terms of second order in the group
parameters.

Consider g(z + dz) = g(2)g(0), where g(z) is an arbitrary group element. Find dz"
in terms of

0¢"(2,0)

pa' (2) = =5 ,
-0

and the infinitesimal parameters 6¢.

Now take g(z) = g(x)g(y) for fixed g(z) and let g(y) undergo an infinitesimal change,
i.e. g(z +dz) = g(x)g(y + dy). Derive 02" /9y* in terms of u4"(2) and A\;(y), where
[A(y)] is the matrix inverse of [u(y)].

Defining T4, (y) = 1a°(y)0/0y®, show that T,(y) = To(z2).

Show that

Thus derive

QZT
ot () M) =~ T)a” WIA) + [T A (2)

By considering symmetry under a < b, deduce that f¢,, are constants, where we
define fqp = [Ta(y) " (y) — To(y)sa" ()] Ar(y)-

Thereby derive [Ty, Ty] = fawTe.

Using g(z) = exp(x®l,) for a generator T, satisfying the relation in (xi), use
exp(tA) exp(tB) = exp(t(A + B) + t2[A, B]/2 + O(t?)) to derive f¢; in terms of
CCub-

Part III, Paper 302 [TURN OVER]



NIVERSITY OF
AMBRIDGE 4

@)

f(6) i sin 0 __sin#
M—(“Z-Mmf@%@ >, F(0) = V1+cosd,

sin 6 PACH Y, sin 0
2f(0) V2 2f(6)

where 0 € R.

(ii) Now consider an element of SO(3)
Rap = co8 004y + (1 — cos O)ngny, — sin Oegpene,

where a,b,c = 1,2,3, ngng = 1 and €4, is the 3-dimensional totally antisymmetric
tensor with €193 = 1. In terms of R, how do we represent a general SO(3)
transformation on a real 3-vector  and what is the geometrical interpretation?

(iii) We define the Pauli matrices

(01 (0 —i (10
1=\10) 7\ i o) B7\o -1

which satisfy
0a0b = Ol + i€qpcoe,

I being the 2 by 2 identity matrix. Show that a linear transformation on z - o —
2 o= Az - o AT leaves the length of x invariant, provided that A is in a particular
group G, which you should identify.

(iv) Thus derive R, in terms of A and the Pauli matrices.
(v) From the expression in (iv), identify a geometrical interpretation when A = M.

(vi) What other element of G has the same geometrical interpretation?
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Define the commutator [g1, g2| of elements g1, g2 of a group G.

Consider a transformation on a 4-vector z#, u,v,...=0,1,2,3: 2 — 2" = A*, 2V

which leaves x#17,, 2" invariant, where

(i)

(i)

(vi)
(vii)

1 0 0 0
o -1 0 o
=10 0 -1 0
00 0 -1

Derive a relation between components of 17 and those of A and hence identify G, the
matrix group of the transformations.

Consider the transformations
A, = 0%, +w 'y, + (’)(wg), a=1,2,

where wq*, are infinitesimal. Find the symmetry of w,*” under the exchange of
and v.

Explicitly writing the order of terms you are neglecting, calculate A, = [Ag, Aq] in
terms of the components of w; and we including all calculable terms up to second
order.

Acting on a quantum state, we define the action of the group with the unitary
operator U[A] = exp(w,scM?? /2), where the anti-hermitian operator M’ satisfies
MP? = —M°P and U[A]JU[A'] = U[AN] for A, A’ € G. Use U[A,] to calculate the Lie
algebra L(G).

Deﬁning Jm = GmijMij/2 and Kz = MOi, where i,j, k= 1, 2, 3, find [Kw Kj], [JZ, KJ]
and [J;, J;] in terms of Jj, and Kj.

Rewrite L(G) in terms of Jf = (J; £iK;)/2.

Thus identify L(G) as a particular direct sum of simple Lie algebras.

END OF PAPER
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