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In this question, f(z) € C(z) is a rational map of degree at least 2.

(a) Define what is meant by a normal family of holomorphic functions, and state Montel’s
theorem.

(b) Suppose that E is a closed subset of the Riemann sphere satisfying f~(E) = E.
Prove that either E contains at most two elements and FE is contained in the Fatou set,
or J(f) C E.

(c) Prove that the Julia set of f contains no isolated points.
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(a) Prove that an attracting fixed point of a rational map attracts a critical point.

(b) State the classification theorem of fixed Fatou components for a rational map of
degree d > 2, and describe how each type of component interacts with the set of forward
orbits of critical points of the map [without proofs].

(c) Prove that for each d > 2, there exists a degree d rational map which has Julia set
equal to the Riemann sphere C.

(d) Prove that for each d > 2, there exists a degree d rational map with exactly one Fatou
component.
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(a) Define the Bottcher coordinate ¢ at infinity for a polynomial map of degree d > 2,
and the dynamically natural maximal domain to which its modulus |¢| extends. Define
the Green’s function of a polynomial, and explain how it relates to the Bottcher map.

(b) Prove that if a polynomial of degree at least 2 has connected Julia set, then all finite
critical points are contained in the filled Julia set.

(c) Describe briefly and without proofs how the Béttcher coordinate at infinity is used to
prove that the Mandelbrot set is connected.
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(a) Define the residue index of a holomorphic map f at a fixed point zp of f. Suppose
that f(z) is a quadratic rational map with distinct fixed points zg, 21, and zy, with
multipliers A\, A1, and Ag respectively. Show that A\;A; # 1 whenever i # j.

(b) Let g(z) be a rational map of degree at least 2, with a parabolic fixed point
at z = 0 of multiplier 1. Let A be the parabolic basin of some attracting vector for
the parabolic fixed point 0. Prove that the boundary 0A is contained in the Julia set J(g).

(c) Given ¢ € C, write f.(z) = 2% + ¢. Prove that
{n € N: Jc € C such that f. has a parabolic cycle of period n}

is an infinite set. [Hint: it may simplify your argument to prove that this set contains all
of the prime numbers.]
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