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1 The KdV equation
We consider the KdV equation for p = 2, 3,4, 5:

Oru + 0,(0%u + uP) = 0,
(KdV) { up—p = uo(z), (t,7) Ry xR, wu(t,z) €R.

You are given that (KdV) is locally well posed in H'(R) with the blow up criterion
T < 4oo iff lim |lu(t)| g1 = +o0.
t—=T

In the sequel, you do not need to give justifications for dropping boundary terms when
integrating by parts.

1. Show that the L? norm is conserved by the flow.

2. Show that the energy

1 1
E(U) = 2/R(azu)2d$ — p—|—1/Rup+1d:E

is conserved by the flow.
3. Show that all H' solutions are global for p < 5.

4. Let @ be the ground state solution to Q" — Q + QP = 0. Given ¢ > 0, compute Q.
in terms of @ and ¢ such that u(t,z) = Q.(z — ct) solves (KdV).

5. Discuss the orbital stability of Q. in the energy space H'(R) for p < 5.
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2 The Hartree equation

Let N = 3,4. We consider the gravitational Hartree equation

10w+ Au — ¢pu = 0,
(Hartree) { o(t,z) = —W * [u(t, )|, (1)
up—o = uo(z), (t,7) € R x RN, w(t,z) € C,

where Cly is the area of the unit sphere of RY. We recall that ¢ solves the Laplace equation
Ap = |ul?.
You are given that (Hartree) is locally well posed in H'(RY) with blow up critetrion
T < +oo iff tlin%|]u(t)\\H1 = +o00.

In the sequel, you do not need to give justifications for dropping boundary terms when
integrating by parts.

—_

. Show that [ |u(t, z)|?dz is conserved.
2. Show that the energy E(u) = 5 [on [Vu(t,z)|?dz—1 [on [Vo(t, 2)|?da is conserved.
3. Show that all solutions are global in dimension N = 3.

4. Let N = 4. Show that

d2

dtQ/!x\QIU(t, x)|2dz = 16 E(u).

Are all solutions global in time?
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Critical Non Linear Schréodinger equation
We work in dimension d = 2.

. Let M >0 and n > 0. We let A(M) = {u € H'(R?), [g|u/* = M}. Show that

the minimization problem

_ 2 4 2 7 21,12
ron = nt $ [ wup e [ [ e

. Write down (without justification) the Euler-Lagrange equation satisfied by a
positive minimizer and prove that there exists a non trivial solution P, € H'(R?)
to

is attained.

AP, — P, — Zya;PPn +P¥=0. (1)

. Solve the dynamical system

ds _ 1 db 2 _ 1 dx
@ = ds = by =5
W(t=—1) = yTF7, bylt=—1)=1.

/b2
(Hint: compute % < b"+n>).

A

. Let y = ( 5. Compute ~n(t) such that

1 i@l
nft.) = 5 (PP ) e

solves the L? critical focusing (NLS) equation.

. Let S(t) be the free Schrodinger semi group. Show that the sequence of functions

tr—>/ S(— u77 s,9) [y (s, )| )ds

has a strong L? limit as ¢t — +o0.
(Hint: use Strichartz and the bound HUnHL‘[* oyl < +o00 to show that it is Cauchy

in L?).
Conclude that there exists u,‘;o € L? such that

uy — S(t)uy” — 0 in L* as t — 4o0.

END OF PAPER
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