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1 Let X be a smooth n-manifold.

(a) Define what it means for X to be orientable.

Let M be the Möbius band, defined as the quotient

(
R× (−1, 1)

)/
Z,

where k ∈ Z acts via (x, t) 7→ (x+ 2πk, (−1)kt).

(b) By computing a suitable mod-2 Euler number, show that M is non-orientable.

Back in the general case, let Y ⊂ X be a properly embedded codimension-1
submanifold.

(c) Construct a real line bundle L → X, and a section s of L which is transverse to
the zero section, such that Y is given by the vanishing of s.

[Hint: Cover X with coordinate patches Uα on which Y is given by the vanishing of
a coordinate function fα, and define L by using the ratios of the fα on overlaps to define
the transition functions.]

[You may use the following fact without proof: if f is a smooth function on an open
set U ⊂ Rn, with standard coordinates x1, . . . , xn, and if f vanishes when x1 = 0, then
the function h on U defined by

h(x) =

{
f(x)/x1 if x1 6= 0

∂f
∂x1

(x) if x1 = 0

is smooth.]

(d) State a classification result for line bundles on Rn and deduce that any properly
embedded codimension-1 submanifold Y ⊂ Rn is orientable.

(e) Can the Möbius band M be (necessarily non-properly) embedded in R3? Either
draw or write down an embedding, or justify briefly why no such embedding can exist.
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2 Consider CP1 with homogeneous coordinates [z0 : z1]. Let U0 and U1 denote the
open sets defined by z0 6= 0 and z1 6= 0 respectively, and let z = reiθ be the (complex)
local coordinate on U0 given by z1/z0. We think of S1 as the unit circle {r = 1} in U0,
locally parametrised by θ and oriented in the direction of increasing θ.

(a) Show that the map H1
dR(S1)→ R given by

[α] 7→
∫

S1

α (?)

is well-defined, and an isomorphism.

(b) Deduce that (?) also defines as isomorphism H1
dR(U0 ∩ U1) → R. [You may

assume standard invariance properties of de Rham cohomology as long as they are stated
clearly.]

Let L be a complex line bundle on CP1.

(c) State briefly why L can be trivialised over U0 and U1.

Fix trivialisations Φ0 and Φ1 over U0 and U1, and let

f : U0 ∩ U1 → C∗

be the transition function g10. Let β be the complex-valued 1-form on U0 ∩ U1 given by
f−1df .

(d) Show that for a smooth path γ : R→ U0 ∩ U1 the function

F (t) = f(γ(t))e−
∫ t
0 γ

∗β

is independent of t.

(e) Deduce that
∫
S1 β = 2πik for some integer k.

Let h = z−kf and α = h−1dh.

(f) Show that α = dϕ for some smooth complex-valued function ϕ on U0 ∩ U1.

(g) Show that by adding a constant to ϕ if necessary we may arrange that h = eϕ.

(h) Construct smooth maps ψj : Uj → C∗ such that

ψ1

ψ0
f = zk.

[Hint: take a partition of unity ρ0, ρ1 subordinate to the cover {U0, U1} and write ϕ as
ρ0ϕ+ ρ1ϕ.]

(i) Deduce that L is isomorphic to OCP1(−k).
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3 Let G be a Lie group and π : P → B a principal G-bundle.

(a) Define a connection A on P , and its curvature F .

Let P = {(x, y) ∈ Sn × Sn ⊂ Rn+1 × Rn+1 : 〈x, y〉 = 0}, where 〈·, ·〉 is the standard
inner product on Rn+1.

(b) Show that P is a submanifold of Sn× Sn, and describe T(x,y)P as a subspace of
Rn+1 ⊕ Rn+1.

Let G = O(2) and define a right G-action on P by

(x, y) ·
(
a b
c d

)
= (ax + cy, bx + dy).

(c) Explain briefly why the quotient map π : P → B = P/G is a principal G-bundle.

(d) Show that there is a unique connection A on the G-bundle P such that a path
(γ1, γ2) in P ⊂ Sn × Sn is horizontal if and only if 〈γ′i, γj〉 = 0 for all i and j. (Here γ′i
denotes the derivative of γi with respect to its parameter.)

(e) Show that for this connection we have

F
(
(u1, v1), (u2, v2)

)
=

(
〈u2, v1〉 − 〈u1, v2〉

)
⊗
(

0 −1
1 0

)
,

for all (x, y) in P and all (u1, v1) and (u2, v2) in T(x,y)P ⊂ Rn+1 ⊕ Rn+1.
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4 Let G be a Lie group.

(a) Define the Lie algebra g as a vector space and show that the map ξ 7→ lξ gives
a linear isomorphism

g→ {left-invariant vector fields on G},

where lξ is a vector field that you should define explicitly.

(b) Carefully define the Lie bracket on g. You may assume the existence and
properties of the Lie bracket of vector fields as long as you state them clearly.

Fix ξ in g and define the curve γξ : R→ G by γξ(t) = exp(tξ).

(c) Write down the defining ODE satisfied by γξ.

Let (X, g) be a Riemannian manifold, and let ∇ denote the covariant derivative
associated to the Levi-Civita connection.

(d) Show that ∇uv − ∇vu = [u, v] for all vector fields u and v on X. [You may
use standard properties of the Christoffel symbols Γijk as long as you clearly state which
intrinsic properties of the connection they correspond to.]

(e) Show that for all vector fields u, v, and w on X we have

∇u(g(v,w))+∇v(g(u,w))−∇w(g(u, v)) = 2g(∇uv,w)−g([u, v],w)+g(v, [u,w])+g(u, [v,w]).

Now suppose X = G and that the metric g is left-invariant.

(f) Show that the curve γξ defined above is a geodesic if and only if 〈ξ, [ξ, η]〉 = 0
for all η in g, where 〈·, ·〉 is the restriction of g to g.

END OF PAPER

Part III, Paper 115


