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Define the space of Schwartz functions S(Rn) and the space of tempered distribu-
tions S ′(Rn), specifying the notion of convergence in each.

Define the Fourier transform on S(Rn) and S ′(Rn). Show that for a tempered
distribution u ∈ S ′(Rn) and α, β multi-indices

(Dαu)̂ = λαû, (xβu)̂ = (−1)|β|Dβû.

Consider u ∈ S ′(R) defined by the function u(x) = 1

2
log

(

1 + x2
)

. By considering
u′(x), or otherwise, show that for all ϕ ∈ S(R)

〈û, ϕ〉 = cϕ(0) − π lim
ǫ↓0

∫

|x|>ǫ

(

ϕ(x)− ϕ(0)

|x|

)

e−|x| dx

where c is a constant you should determine. Standard results from the course can be used
if clearly stated. You might find it helpful to consider the family of Fourier transform
pairs

ϕn(x) =
1

2
√
π
e−x2/4n, ϕ̂n(λ) =

√
ne−nλ2

.
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Define the space of distributions D′(R) and the corresponding space of test functions
D(R), specifying the notion of convergence in each.

(a) Prove that if v′ = 0 in D′(R) then v = const.

(b) Find the most general solution to xv = 1 in D′(R).

Hence find the most general solution u ∈ D′(R) to each of the equations

(i) xu′ + u = δ′0,

(ii) u′′ = δ′0 − 2δ1,

(iii) (x2 − 1)u′ = δ0.
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State and prove the Paley-Wiener-Schwartz theorem.

For ϕ ∈ S(Rn) define the dilation by t > 0 by δtϕ(x) = ϕ(tx). Using a duality
argument, show that this definition extends to u ∈ S ′(Rn) via

〈δtu, ϕ〉 = t−n
〈

u, δ1/tϕ
〉

∀ϕ ∈ S(Rn).

Using the Paley-Wiener-Schwartz theorem, show that if u ∈ S ′(Rn) and supp (u) ⊂
{x ∈ Rn : |x| 6 1}, then supp (δtu) ⊂ {x ∈ Rn : |tx| 6 1}.
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