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Spectral regularisation
You may use results from the lectures provided these are clearly stated.

Let A€ L(U,V), where U,V are Hilbert spaces.

Give the definition of a regularisation of Af. Give one example of a linear and one of
a nonlinear regularisation. Give the definition of a convergent regularisation.

Prove the following statement. Let {R,}a>0 be a linear regularisation and
a: Ryg — Rsg an a priori parameter choice rule. Suppose that lims_,o a(é) = 0 and
lims 0 0[|Ros) vy = 0. Then (Rq, ) is a convergent regularisation.

Let A € K(U,V) be a compact operator with singular system {o;,x;,y;}jen. Asymp-
totic regularisation consists in choosing the regularised solution u, as u, = (é),
where x(t) solves the following initial value problem

2 (t) = —A*(Az(t) — f), t>0,
z(0) =0.

Derive the spectral representation of u, in terms of the singular system of A.

Hint: Ezpand x(t) in the basis of singular vectors of A. You may also use the fact that
the solution of the following initial value problem
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2 Variational regularisation
You may use results from the lectures provided these are clearly stated.

Let U,V be Banach spaces.

a) Define the weak and the weak-* convergences in a Banach space. What is the
relationship between the weak and the weak-* convergences in a reflexive Banach space?

b) What is the Radon-Riesz property? Prove that the norm in a Hilbert space has the
Radon-Riesz property.

c) Consider an inverse problem Au = f, where A € L(U,V), U,V are Banach spaces and
f € D(A"), where D(AT) is the domain of the Moore-Penrose inverse Af. Let f5s € V be
such that ||f — fs|ly < and J: U — R be a regularisation functional. The following
regularisation method is referred to as the residual method

Us € argmin  J(u).
ueU: || Au—fs]ly<é

Suppose that J(u) > 0 for all u, J is strongly lLs.c. and its sublevel sets {u €
U: J(u) < C} are strongly sequentially compact. Show that under these assumptions

us — u} as 0 — 0, where u} is a J-minimising solution.

Hint: You may assume that under these assumptions a J-minimising solution exists
and the optimisation problem above has a minimiser.
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3 Total Variation
You may use results from the lectures provided these are clearly stated.

Let U = LY(Q), where Q C R™ is bounded.

a) Give the definition of Total Variation and prove that it is proper and convex. Is Total
Variation strictly convex? [Prove or give counter example.] Define the BV space. Is
Total Variation coercive on BV? [Prove or give counter example.]

b) Give the definition of an absolute one-homogeneous functional. Show that if J: U —
R is absolute one-homogeneous and convex and p € 07 (u) then J(u) = (p, u).

c) Let @ = [—1,1] and 0 < R < 1. Find the Total Variation of ur: @ — R defined as
follows

)1, if |z <R,
0 otherwise.
Hint: You may use the fact that the hat function
52

T 222
wo(x) =€ if |z] <,

0 otherwise

is in C§°([—1,1]) for any e < 1.
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Source Conditions and Convergence Rates
You may use results from the lectures provided these are clearly stated.

Suppose that U/ is a Hilbert space.

Give the definition of the generalised Bregman distance Dpj(u,v) associated with a
convex functional J and a subgradient p € 7 (v). Show that if 7 is strictly convex,
then DY (u,v) = 0 implies u = v. Show that in general D” (u,v) = 0 does not imply
u = v. [Give counter example.]

State the source condition for a J-minimising solution u} Show that any v € U

satisfying Au = f and the source condition is a J-minimising solution.

The following variational regularisation problem is called the exact penalisation model

min || Au — flly + aJ (u),

where f € R(A) is the exact data and J: U — R is proper, convex, l.s.c., and absolute

one-homogeneous. Suppose that the source condition is satisfied at a J-minimising

solution u} with the source element pf and o < m Show that in this case each

minimisier u,, is a J-minimising solution of Au = f and
p! Ty
DY (ua,uy) =0,

where pf = At

END OF PAPER

Part 111, Paper 326



