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In this question you may assume without proof Chebyshev’s estimate 1(z) < x.

(a) Prove that

1
Z %8P _ logz + O(1).

pP<T
(b) Prove that
1
Z — =loglogz+c+ O(1/logx)

p<T

for some constant c.

(c) Prove that if

Y(x) =ax+ (b+ 0(1))logx

for some constants a and b then ¢ = 1 and b = 0.

(d) Prove that

11 <1 - ]13)1 _ Clogz+0(1)

p<T

for some constant C'.

(e) Show that, for all n > 3,

¢(n) > (C' + o<1>>@

where ¢ is the Euler totient function and C' is the constant from part (d).
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(a) Define the sifting function S(A, P;z), explaining all implicit notation used.

(b) State and sketch a proof of Selberg’s upper bound for S(A, P; z). You should include
the construction of the sieve weights A4, but need not show that |Ay| < 1.

(c) Let hq,...,h, be any distinct natural numbers. Show that

X

#{n < x such that n + hy,...,n+ h, are all prime} <p,  p,r ——.
7t (log )T

[You may use without proof the estimates

Z k() >w z(logx)F~1
(nW)=1

and k<™ &L, N, both valid for any integers k, W > 1 and € > 0.]
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3 In this question s = o + it denotes a complex variable with R(s) = o and J(s) = t.
You may assume without proof the Euler product identity

4(s)=H<1—is>_l for o > 1.

» p

(a) Show how the Riemann zeta function ((s) = Yo", -L can be extended to a
meromorphic function in the half-plane o > 0.

(b) Show that ﬁ =yt 7(121) when o > 1, where p is the Mobius function.

(c) Show that there is an absolute constant ¢ > 0 such that

c
f 1——— and [t| > 4.
¢(s) #0 for o > gt and |[t|

[You may assume that for [¢| >4 and 3 < o < 2

¢

=(5) = 30 = + Ollogl)

p

where the sum ranges over zeros p of ((s) such that [p — (3/2 + it)| < 5/6, and

—%(s) = -1 + O(1) uniformly for 8/9 < o < 2 and [t| < 7/8]

(d) State Perron’s formula, and use it to show that
Z pu(n) < zexp(—cy/log z)
n<x

for some absolute constant ¢ > 0. [You may use without proof the estimates

1
‘m‘ < log|t| when 1 — ¢/ log|t| < o and [t] = 7/8,
S

and

1
‘m‘ < |s—1] when 1 — ¢;/log|t] < 0 < 2 and [t| < 7/8,
s

both valid for some absolute constant ¢; > 0.]
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4 In this question x is used to denote a Dirichlet character modulo ¢, and ¢ is used to
denote the real part of the complex variable s. You may assume any standard properties
of Dirichlet characters and Dirichlet series in the half-plane o > 1.

(a) Prove that L(1,x) # 0 for any non-principal character x. You may assume Landau’s
lemma concerning Dirichlet series with non-negative coefficients.

(b) Deduce that, for fixed a and ¢ such that (a,q) =1,

Y(z;q,a) = E A(n) — o0 as z — oo.
n<e
n=a (mod q)

(c¢) Describe the zero-free region for L(s, x) in the strip 0 < o < 1, and explain what is
meant by an ‘exceptional zero’.

(d) Let a and ¢ be such that (a,q) = 1. Suppose that ¢ has an exceptional zero at f.
State an asymptotic formula with error term for ¥ (z; ¢, a) valid for any x.

(e) Suppose that there exists some absolute € > 0 such that the bound

Y(r39,a) < (2 - E)L for z > ¢

¢(q)

holds for all a and all ¢ sufficiently large.

Show that this implies, for ¢ sufficiently large, that an exceptional zero § for ¢ must

satisfy
c

(log q)?

for some constant ¢ > 0 (which may depend on ).

B<1—
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