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1

What does it mean for a commutative ring T to be integral over a subring R?

Suppose T is integral over R. Let π be the canonical map from SpecT to SpecR.
Show that π is surjective. Let P ∈ SpecR. Show that π−1(P ) cannot contain prime ideals
Q1 and Q2 with Q1 strictly contained in Q2.

Define the dimension dimT of T . Prove that dimR = dimT .

Let k be a field of characteristic 0. Let T = k[X,Y,Z]/(XY + Y Z + ZX). Find a
subring R of T such that T is integral over R and R is isomorphic to a polynomial algebra
over k.

2

Let R be a commutative Noetherian ring. Let I be an ideal, and let M be a finitely
generated R-module.

Let S = 1 + I. Define the ring S−1R, the module S−1M and the canonical maps
R −→ S−1R and M −→ S−1M . Show that S−1R and S−1M are Noetherian. What is
the relationship between SpecR and SpecS−1R? Justify your answer.

Show that the kernel of the map M −→ S−1M is
⋂

∞

j=1
IjM . [You may use the

Artin-Rees Lemma if correctly stated.]

Give an example of a non-Noetherian ring R and an ideal I such that the kernel of
R −→ S−1R is not equal to

⋂
∞

j=1
Ij.

3

Let R be a commutative Noetherian ring. Define what is meant by the height of a
prime ideal P .

State and prove Krull’s principal ideal theorem.

Show that an integral domain is a unique factorisation domain if and only if all
height one primes are principal.
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4

Let R be a commutative Artinian ring. Show that there are only finitely many
prime ideals of R and that they are all maximal.

Define what is meant by the nilradical of R and show that it is a nilpotent ideal.
Show that R is Noetherian.

Now suppose that R has a unique maximal ideal P . Suppose that P/P 2 is a one
dimensional vector space over the field R/P . Show that all ideals of R are principal.

Let k be a field, and let T be a semisimple, not necessarily commutative, k-algebra
which is finite dimensional as a k-vector space. State and prove the Artin-Wedderburn
theorem for T . [You may assume that T is completely reducible as a right T -module.]

5

Let k be a field, and let R be a k-algebra. Let M be an R−R-bimodule.

Define the Hochschild chain complex for R, and define the Hochschild homology
groups HHj(R,M) and cohomology groups HHj(R,M).

What is meant by a derivation D from R to M? When is such a derivation
inner? Denote the space of derivations by Der(R,M). Describe HH1(R,M) in terms
of derivations.

Let Ω be the kernel of the k-linear map from R⊗k R to R sending r1 ⊗ r2 to r1r2.
Show that there is a derivation from R to Ω such that the map from HomR−R(Ω,M)
to Der(R,M) sending θ to the composition of D with θ is an isomorphism. Which
θ ∈ HomR−R(Ω,M) correspond to inner derivations?

6

Let k be a field and S be a commutative Noetherian graded k−algebra. State
and prove the Hilbert-Serre theorem concerning the Poincare series of a finitely generated
graded S-module V .

Let R be a commutative k-algebra generated by x1, . . . , xn. Set Rj to be the k-span
of the polynomial expressions in the xi of total degree less than or equal to j.

What can be said about dimkRj? Justify your answer. Illustrate your answer with
the example k[Y1, Y

−1

1
, Y2, Y

−1

2
] with generating set Y1, Y

−1

1
, Y2, Y

−1

2
.
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