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1 For a space X, define the ring K°(X).

Let m : BE; — X, i = 0,1, be d-dimensional complex vector bundles over a finite
CW-complex X of dimension k such that Ey & Cy = E; & Cx. If k < 2d, prove that
Ey = Ey. [You may use any results about the classification of vector bundles provided they
are clearly stated.]

Prove that two d-dimensional complex vector bundles over CP? having the same
Chern classes are isomorphic. [You may use any description of the K-theory of CP?, and
any properties of the Chern character provided they are clearly stated.]

2 What are the elementary symmetric polynomials e;7 What are the power sum
polynomials p;? Prove the identity

Pn —€1Pn—1 t€2Ppp—9 — -+ (_1)n_16n71p1 + n(_l)nen = 0.

If 8 denotes the Bockstein operation associated to the short exact sequence
0 —Z/2 —Z/4 —7Z/2 — 0,

show that B(w (L)) = wi(L)? for any real line bundle p : L — X over a compact Hausdorff
space X. Hence show that for any real vector bundle 7 : £ — X over a compact Hausdorff
space X the identity

B(w;(E)) = wi(E)w;(E) + (j + Dw;+1(F)

holds. [You may use that S(ab) = B(a)b+ aB(b), and any results from the course provided
that they are clearly stated.]

3 What is the K-theory Euler class e (E) of a complex vector bundle 7 : E — X?
What is the K-theory Gysin sequence associated to this vector bundle?

By constructing an appropriate vector bundle isomorphism, identify the K-theory
class of the tangent bundle TCP" in terms of the tautological line bundle 7&’”“. Hence
determine the K-theory Euler class e’ (TCP") € K°(CP™). [You may use any description
of the K-theory of CP"™ without proof.]

Compute the ring K°(S(TCP™)) and the abelian group K~ (S(TCP")).

Part III, Paper 142, Draft 18th May 2023



5 UNIVERSITY OF
Y% CAMBRIDGE 3

4 Define the Adams operations, and show that they give ring homomorphisms
V' KO(X) — K%(X)
which satisfy ‘(L) = L* when 7 : L — X is a complex line bundle. [You may use the

splitting principle and any results from the theory of symmetric polynomials provided they
are clearly stated.]

Let C]P’ZH“ = CPtF / CP*~! denote the truncated projective space,
i: S%* = CPf — CPt*

denote the inclusion, and suppose that ¢ has a retraction r : CPZ”“ — S%F. By considering
the Adams operation 12 show that if n = 2 then k is divisible by 24.
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