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(a) Let RP" = R**!\ {0}/ ~, where
[Xl,Xg, e ,Xn+1] ~ [CXl, cXo,... ,CXn+1], ceR \ {0}
Show, by constructing an atlas consisting of (n + 1) charts that RP" is an n—dimensional

manifold.

(b) Let U C R"™ be an open set, and let 7 : U — R"1\ {0} be given by
T(Y1y-+yYn) = [Y15- -+ Yn, 1]. Construct an explicit expression for the Riemannian metric
g on U such that

dXi+dX3+-- +dX2 4
X+ X5+ +X2,

g=7"G, where G =

is a Riemannian metric on R**!\ {0}.
(c) Assume that n = 2, and compute the Ricci scalar of ¢ in the coordinates (y1,y2).

[Hint: If (M, g) is a Riemannian manifold of dimension N, and Q : M — R then
R=07? <R — (N —1)g®V,VyInQ — (N — 2)(N — 1)g? (V4 In Q)(Vy In Q))

where R and V are respectively the Ricci scalar and the Levi-Civita connection of g, and
R is the Ricci scalar of Gap = % gap.]
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Let (M, g) be a (pseudo) Riemannian manifold.

(i) Let R%.;. be the curvature tensor of the Levi-Civita connection V of g. Show that
d
R [abc] = 0.
[Hint. You may assume the existence of normal coordinates.]

(ii) Let K, be a solution to the Killing equation VK3 = 0. Show that
VoVeK® = R0 K, (1)

and demonstrate that K,V is constant along an affinely parametrised geodesic with
tangent vector V.

(iii) Use (1) to show that the most general Killing vector on M = R™ where g is the flat
Euclidean metric is of the form
0 0

A Z Yok
K=A 8:C”+M” oy (2)

where A € R" is a constant vector, and M, = M,")., is a constant matrix such
that M7 = —M.

(iv) Assume that A is general, My = — M = 1, and all other components of M vanish.
Find the integral curves of the vector field (2).
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(a)ﬁStarting from the linearized Einstein equation 8/’3,)]_1“1, = —167T1},, in harmonic gauge
0”hy, = 0, show that, far from a non-relativistic matter distribution

92 ..
hij(t,X) ~ ;Iij(t — 7")
where i,5 = 1,2,3, r = |x|, and

L;j(t) = /d3$T00(t,X)CCi$j.

State clearly any assumptions that you make.

(b)(i) A rigid body has energy density Tpo = p(x). When the body is at rest, the
spatial coordinates can be chosen so that I;; = I;; where I;; is diagonal with components
(I11, I22, I33). Suppose that such a body rotates with angular velocity 2 about the x3-axis
so that Too(t,x) = p(L(t)"'x) where L(t) is the 3 x 3 matrix describing a rotation through
angle Ot about the z3-axis. Show that I;;(t) = L (t)L;i(t)I}; and hence determine the
components of I;;(t).

(ii) What is the frequency of the gravitational waves emitted by the rotating body?

(iii) Show that the average power emitted in gravitational waves by the rotating body is

32
(P) = 396 (I — Ip2)?.
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(a) For a variation of the metric gq;, — gap + dgap derive formulae for the variations of the
volume form, the inverse metric, and the Christoffel symbols. Show that the variation of
the Ricci scalar can be written

OR = —R3g, + aV V. (9"0gu) + BV V" 0ga

for coefficients o and 5 to be determined.
[In a coordinate basis RV, ,; = 0,Ths — 0,1, + I Tk, — FZPF‘T‘U]

(b)

(i) A real scalar field ® has action
_ 4 — _1 ab _ 2
S= | dzy/—g 59 Vo@PVy® — ERD
where £ is a constant. Determine the energy momentum tensor of the scalar field.

(ii) Explain why this energy momentum tensor is conserved when the equation of
motion of the scalar field is satisfied.
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