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1 Let G be a matrix Lie group with matrix Lie algebra L(G). State the definition of
the exponential map from L(G) to G. Show that, for each X € L(G), the set

Gx ={Exp(tX);t € I CR}

is a Lie subgroup of G for a suitable choice of an interval I on the real line. Show that,
up to isomorphism, there are two distinct possibilities for the Lie group Gx.

Now let G = SL(2,R), the group of 2 x 2 matrices with real entries having
determinant equal to one. Find the corresponding Lie algebra LL(G). In particular, find
basis elements Lo, Ly and L_ € L(G) obeying,

L3=T, LA =1*=0

where Iy denotes the 2 x 2 unit matrix. Evaluate the structure constants of the Lie algebra
in this basis.

Identify the Lie subgroups Gx C G, for X = Lo, X = Ly and X = Ly — L_
giving the corresponding interval I C R in each case. Writing a general element of the Lie
algebra as X = apgLo+ a4+ Ly +a_L_ for some ap, ar € R, find a necessary and sufficient
condition on the coefficients ag, ar such that Gx is compact. [Hint: You may use the
fact that, provided its eigenvalues are distinct, the matrix X € L(G) can be diagonalised
by a similarity transformation: X = PAP~! for some non-singular matriz P where A is
diagonal. In the degenerate case, where the eigenvalues are not distinct, you may assume
instead that the matriz is nilpotent: X2 = 0.]

2 Write an essay on the Killing form of a finite-dimensional Lie algebra. In addition
to a discussion of the general properties of the Killing form, your essay should include
a proof that a non-degenerate Killing form can only arise for a semi-simple Lie algebra.
In the case of a simple, complex Lie algebra g you should also show the Killing form is
non-degenerate when restricted to the Cartan subalgebra h of g. Finally you should state
without proof the Euclidean property enjoyed by the Killing form on a particular real
subspace of h and explain the significance of this for the root system of g.
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3 In this question you may use without proof any general results from the theory of
simple, complex, finite-dimensional Lie algebras and their representations provided they
are clearly stated.

Starting from the general constraints obeyed by the Cartan matrix of a simple,
complex, finite dimensional Lie algebra, classify all such Lie algebras g of rank two. In
particular give the Cartan matrix for each rank two Lie algebra and draw the corresponding
Dynkin diagram. In each case, find the ratio of lengths of the two simple roots and the
angle between them. [In labeling the entries of the Cartan matriz you should adopt the
convention that, whenever the two simple roots have unequal length, the first row/column
corresponds to the longer of the two.]

By considering all root strings of the form 8 + na where « is a simple root, 5 is a
root and n is an integer, find all roots of each of these rank two Lie algebras. In each case
you should give the roots as linear combinations of the simple roots. Hence deduce the
dimension of each Lie algebra.

Consider the L¢(SU(2)) subalgebra of g, denoted sl(2),, associated with each simple
root « of g. For each rank two Lie algebra g and each simple root «, identify the adjoint
representation of g as a representation of the subgroup sl(2),. [Recall that all finite-
dimensional representations of Le(SU(2)) can be decomposed as R(A1) & R(A) & ... &
R(AL) for some L, where R(A) is the irreducible Lo(SU(2)) representation of highest
weight A € Z=g. Your answer should specify the highest weights A appearing in this
decomposition in each case.]
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4 In this question you may use without proof the invariance property of the Killing
form on a Lie algebra.

Consider a non-abelian gauge theory with gauge group G and gauge field A*(x)
taking values in the Lie algebra L.(G). The theory also contains a scalar field ¢(x) taking
values in the representation space V of a unitary representation R of L(G). Give the
definition of the covariant derivative D, ¢ for the scalar field and derive its transformation
property under the infinitesimal gauge transformation A, — A, + dxA,, ¢ = ¢+ dx¢
where,

Ix At = —ed"X +€[X, AY] (%)
bxé = eR(X)o.

Here € < 1 is a small parameter and X is a (space-time dependent) element of the Lie
algebra L(G).

Define the field-strength tensor F* for the gauge field A* and state (without proof)
its transformation property under the gauge transformation (x). Hence write down a
consistent Lorentz invariant Lagrangian density £ for the theory in question and show
that it is gauge invariant.

Now consider the case where R is the adjoint representation so that the representa-
tion space V' can be identified with the Lie algebra L(G) itself and the inner product on
V' can be identified with the Killing form on L(G). Let {T% a = 1,...,dimG} be a basis
for L(G). Let A* = ALT®, ¢ = ¢,T?%, where summation over the index a is implied, be
the corresponding expansions of the fields. Write out the Lagrangian density £ explicitly
in terms of the components A% and ¢, of the fields and those of their (ordinary) deriva-
tives, 9,AkL and 9,¢,, as well as the structure constants f% of L(G) and components
k% = k(T?,T") of the Killing form in the chosen basis.
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