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(a) Suppose that k is a field of characteristic p and that p divides the order of the
finite group G. Show that kG is not semisimple.

(b) Let k be a field of characteristic p. Recall that a module over a ring is cyclic if it
is generated by one element. Show that every finitely-generated k[X]/(X?")-module is a
direct sum of cyclic modules M, = k[X]/(X"), where 1 < r < p™. Show that each module
M, is uniserial, (i.e. it has a unique composition series) and hence is indecomposable.
Identify those M, which are irreducible.

Deduce that if G is cyclic group of order p™ then kG has exactly p"™ indecomposable
modules, one of each dimension ¢ with 1 < i < p”, each being uniserial.

(a) Let G be a finite group with |G| = p®m, where p does not divide m, and let
k be a field of characteristic p. Suppose that k has all mth roots of unity. Define the
Brauer character xy of the representation p : G —GL(V). If V, V' are finite-dimensional
kG-modules, show that xy = xy if and only if the multiplicities of each simple module as
composition factors of V, V' are equal. [Relevant results may be quoted, if stated clearly.]

(b) Let (K, R, k) be a p-modular system and let G be a finite group and let V,V’
be finite-dimensional kG-modules, with Brauer characters xy and yy-, respectively. Show
that

@) xv(g™) = xv(g) = xv=(9) ;
(i) xvev: = xv - xv ;

(iii) If x is a Brauer character, then the trivial Brauer character is a constituent of

XX-

(c) Suppose that G is a non-abelian simple group and suppose that p is an odd prime.
If x is a non-trivial irreducible p-modular Brauer character of G show that x(1) > 2.
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Let G be a finite group and k a field of characteristic p > 0.

(a) Define the Grothiendieck group R(G) of G and explain how one makes R(G)
into a commutative ring.

(b) Show that the map
CezR(G) - []cC

(over conjugacy classes of p’-elements of G) is an algebra isomorphism. [Relevant results
may be assumed, if clearly stated.]

Deduce that the number of simple kG-modules up to isomorphism equals the number
of conjugacy classes of p’-elements of G.

(c) Let k be a splitting field of characteristic p for finite groups G; and Go. Deduce
from (b) that the simple k(G x G2)-modules are precisely the tensor products S; ® Ss,
where S; is a simple kG;-module, (i = 1,2), and the action of G; x Gy is given by
(91,92) - (51 ® s2) = g181 ® g282. Moreover show that two such tensor products S; ® So
and S} ® S5 are isomorphic as k(G; x Gz)-modules if and only if S; = S! as kG;-modules,
(i=1,2).

Let (K,9,k) be a splitting p-modular system for the finite group G. Assume K
and O are complete with respect to the valuation. Let V be an irreducible K G-module.
Define an O-form, W, for V' and use it to define the decomposition matriz, D. Define also
the Cartan matriz, C, of kG.

(i) If M, M" are K G-modules with O-forms W, W’ respectively, show that Homgg (W, W)
is an O-form of Hompg(M, M').

(ii) With the usual notation, show that pHomgog (W, W) =Homgpg(W,pW') as a
subset of Homgg (W, W').

(iii) Suppose now that W is a projective OG-lattice. Show that
Homgpg (W, W) /pHompa (W, W) = Hompg (W, W' /pW’) = Homyg(k @p W, k @o W').

Deduce that
dim g HOng(M, M/) = dimy Homkg(k: QW k® W/).

(iv) Deduce that DTD = C.
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If R is a ring with 1, what does it mean for an R-module M to belong to a block
B? If R is a finite-dimensional semisimple algebra over a field, describe the blocks of R
(proofs are not needed).

(a) Let R be a ring with identity. Let C1,Co be two sets of irreducible R-modules
with the property that C; U Cy contains all isomorphism types of irreducible modules,
C1NCy =0, and for all S € C;,T € Cs there is no non-split extension 0 — S —V — T — 0
or0 =T -V — S — 0. Show that every finite length module M can be written as
M = Uy ® Uy where U; has all its composition factors in C; and Us has all its composition
factors in Cy. Show also that the submodules Uy and Us are the unique largest submodules
of M with all composition factors in C; and Cs, respectively. [You may assume the Jordan-
Holder theorem.]

(b) Define an equivalence relation on the set of irreducible modules of an algebra
R as follows: define S ~ T if either S = T or there is a list of irreducible R-modules
S = 51,59,...,8, = T such that for each i = 1,2,...,n — 1, the modules S;, S;11
appear in a non-split short exact sequence of R-modules 0 - U — V — W — 0 with
{U,W} ={S;, Si+1}. You may assume this is an equivalence relation.

Let R be a finite-dimensional algebra over a field k. Show that the following are
equivalent for irreducible R-modules S and T

(i) S and T lie in the same block;

(ii) There is a list of irreducible R-modules S = Sy, Ss,...,S, = T such that S;
and S;41 are both composition factors of the same projective indecomposable projective
module, for each ¢ =1,...,n — 1;

(iii) S~ T.
[Hint: for (i) = (iii) use part (a).]
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(a) Let k be a field of characteristic p that is a splitting field for G and all of
its subgroups and let D be a p-subgroup of GG. Define the Brauer morphism, and show
(in the usual notation) that the Brauer morphism induces a one-to-one correspondence
between block idempotents in Z(kG) with defect group D and primitive idempotents in

(kCg(D))gG(D) . State Brauer’s first main theorem and deduce it from the previous result.
(b) Let G = A5 and let k be a splitting field of characteristic 2. Using the fact that

kA4 has only one block (which you need not verify), show that the subgroups Cs cannot
occur as defect groups of blocks of kG.

(c) Let G = S3 and k = IFy. Let N = ((123)) and H = ((12)). It is given that the
block idempotents of kN are

e1 =1+ (123) + (132), e2 = 1+ w(123) + w?(132) and ez = 1 + w?(123) + w(132),

where w is a primitive cube root of unity in I4 (you are not asked to verify this). Compute
the orbits of G on this set of idempotents and hence find the block idempotents of IF4G.
For each of the block idempotents of 4G, compute the effect of the Brauer morphisms
BrlG and Brg. Hence compute the defect groups of each block.

END OF PAPER
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