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1 Let f: Ryg — C be a continuous function such that for every n > 0, y" f(y) — 0
as y — 0o. What is the Mellin transform M(f,s) of f?7 Find the Mellin transform of the
function 1/(e™ — 1).

Suppose there is an increasing sequence of real numbers o; < g3 < ... and nonzero

constants ¢; € C such that for every integer £ > 0,

fly) =cay™ + - +ay™ +y**gr(y),

where g is continuous on [0,00). Show that M (f,s) has a meromorphic continuation to
C, holomorphic apart from a simple pole at s = —o; with residue ¢; for each j > 1.

Compute the residue of I'(s) at s = —j (j > 0). Hence or otherwise show that
¢(1—n) = (=1)""1B,/n for every n > 1, where the Bernoulli numbers B,, are defined by
the generating series
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2 (i) Let G be a finite abelian group, and G the group of characters of G. Show that
if g, h € G then

_ 0 ifh#g
1 h —
Xgeéx(g) x(h) {#G ifheg.

(ii) Define the Dirichlet L-function L(x, s) for a character x: G = (Z/NZ)* — C*,
where N > 1. Show that if (a, N) = 1 then

Y x(@)7 ' L(x,s) = d(N)Y 0

al n>1
Xed n=a (mod N)

(iii) Let k > 3, and x: (Z/NZ)* — C* with x(—1) = (—1)¥. Let
x(n
Gr(x,2) = Z ((7)k
(n,N)=
Show that Gk(x,z + N) = Gi(x, #), and that

Z) _ § :Cne27rmz/N’

n=0
where ¢y = 2L(x, k) and for n > 1
(—2mi)* ~1 k-1
n = 2( ,ng X) D x(d)~hd
din
and '
900 =Y. xlaem/N.
1<as<N
(a,N)=1
[You may use without proof the formula
1 < 1 1 >
meotmr = — + +
z = z+n z-—n
for z € C\ Z.]
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3 (i) Let D C H = {z € C| Im(z) > 0} be the subset defined by the conditions

, |2l =1, and |2| =1 = Re(z) > 0.

DN | =

1
—5 < Re(z) <

Show that any element of H is equivalent under I' = SL(2,Z) to a unique element of D,
and determine the stabilisers under I" of the elements of D.

(ii) Explain the meaning of the terms weak modular form, modular form and cusp
form of weight k and level 1.

Let f be a weak modular form of weight £ and level 1. Show by induction that for
every £ > 0, f(2) = (d/dz)" f(2) satisfies

/-1

FO(=1/2) = 42O £ 3 a0, 2700 (2)
§=0

where for 0 < j </ -1,
12 .
coj = <j>(k:+€—1)(l<:+€—2)---(k—|—j).

Deduce that if f =Y a,¢" is a weak modular form of weight k < 0, then Y n'"*a,q" is
a weak modular form of weight 2 — k.

4 Let I' = SL(2,Z) and let n be a positive integer. Show that the orbits of I" acting
on the set of 2 x 2 integer matrices with determinant n are parametrised by the set

Hn:{<8 Z) ‘a, b, deZ, 0<b<d, ad:n}.

Let f € M (T). Show that T}, f = n#/?~1 > e, |k belongs to My(I'), and compute its
g-expansion. Deduce that aq (7, f) = an(f).

Let T C End(Sk(I')) be the subring generated by Z and {T,, | n > 1}. Let
Su(T,Z) = {f € Sp(T) | an(f) € Z for all n > 1}. Show that if T € T and f € Sy(I', Z)
then Tf € S(I',Z).

By using a suitable Z-basis for Si(I',Z), show that the map
a: T — Homgz(Sk(T',Z),Z)

given by a(T)(f) = a1(Tf) for T € T, f € Sk(I', Z), is an isomorphism of Z-modules, and
that a Z-basis for T is {T1,...,T,,} where m = dim Sy (T").

[You may assume without proof that the forms AjEZEg, with 1 < j7<m, a>=0,
be{0,1} and 125 + 4a + 6b = k, form a Z-basis for Si(I',Z).]
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5 Let I' € SL9(Z) be a subgroup of finite index d. Explain carefully what is a
modular form of weight & on I'. Show that for all £ > 0, dim My(T") < 1 + kd/12. [You
may assume the formula for the number of zeros of a modular form of level 1.]

Let I' = T'g(IV). Suppose that N1, D are positive integers with Ny D|N. Show that
if f € Mg(To(Ny)), then f(Dz) € M(To(N)). Find a basis for the space M4(T'o(3)).

END OF PAPER
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