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(a) For each real fixed α > 0 and positive ǫ → 0, find two terms in the asymptotic
expansions of the eigenvalues of the following matrix





−1 2 0
ǫ α 1
0 ǫ 1



 .

Identify a distinguished limit, and again find two terms in the asymptotic expansions
of the eigenvalues. Show that these expansions match with your previous results.

(b) By using the method of multiple scales, find the leading-order approximation to the
Mathieu equation

ẍ+
(

1 + kǫ2 + ǫ cos t
)

x = 0 ,

for real k = O(1) and positive ǫ → 0, valid up to long times t = O(ǫ−β), where β > 0
is to be determined.

For what range of values of k is the solution always stable for any initial conditions?
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(a) The integral I(γ; ε) is defined for real γ > 0 by

I(γ; ε) =

∫

1

0

1

(γ(x− 1) + 1)2 + (ε log(2 − x))2
dx .

If 0 < ε ≪ 1 calculate the leading-order asymptotic approximations of I(γ; ε) for

(i) 0 < γ < 1,

(ii) γ close to 1 (where how close to 1 should be specified),

(iii) γ > 1.

Briefly discuss whether the approximation for γ > 1 is uniformly valid for γ ≫ 1.

(b) Let

J(λ) =

∫

C

F (z)

z − z0
exp(−iλG(z)) dz ,

where F and G are analytic near the contour C and z0, G(z) has a single saddle point
at z = z0, and C passes from one ‘valley’ of ℑ(G) with respect to z0 to another,
avoiding z0 in a clockwise manner. Show that for λ ≫ 1,

J(λ) ∼ −iπF (z0) exp(−iλG(z0)) .

What is the order of the next correction?

3

For 0 6 x 6 1, the function y(x; ǫ) satisfies the differential equation

ǫx
1

2 sin(x+ ǫ) yxx + (x+ ǫ)(x+ 1) yx − (x+ ǫ2)y = 0 ,

and the boundary conditions

y(0; ǫ) = 0 , y(1; ǫ) = 2 .

On the assumption that 0 < ǫ ≪ 1, find the solution correct to, and including, terms of
O(ǫ) in three asymptotic regions (which are to be identified). The following integral may
prove useful

2

∫ x

0

exp(−2q
1

2 ) dq = 1− (1 + 2x
1

2 ) exp(−2x
1

2 ) .
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