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(a) Consider the 3+1 formalism for general relativity with line element
ds® = g datde’ = —N2dt* + @ g;;(da’ — Ndt)(dz? — N7dt), (%)

where N(x%,t) is the lapse function, N*(z%,t) is the shift vector, and (3)gij($i,t) is the
three-metric on constant time spacelike hypersurfaces ¥. (Latin indices ¢ = 1,2, 3; Greek
uw=0,1,2,3.) We can define quantities on the three-dimensional hypersurface 3 using the
projection tensor

Pt =6", +nfn,,
where no,=(—N,0,0,0) is a future-pointing normal to ¥ with n,n* = —1.
(i) Verify that P*, n, = 0. Show that the projected three-dimensional covariant derivative
of the three-metric (3) gij on X vanishes, that is,

@ gijie = P4 P? PNV (PP PY 5 gu) =0,

where Vy is the four-dimensional covariant derivative.

(ii) We can define the extrinsic curvature K, for the constant time slice ¥ as K, =
—PO‘MPBV Vang . Show that n#V,n, = 0 and hence that K,, = —P%,V,n, . The Frobe-
nius theorem states that, if n* is hypersurface orthogonal, then it satisfies n|,Vgny = 0.
(Here, the permutation symbol is [aSA] = af\ + fAa + Aaf — fa — aA\G — A\Ba.) Use
this result to show that K, is a symmetric tensor.

(b) For a flat background FLRW model, we can linearise the 341 metric (x) for
scalar perturbations using the substitutions

N = N(l + \If) s N; = —azB,i, (3)92']‘ = a2[(1 — 2<I>)52] + 2E,ij] s (T)
where ¥ (x,t), ®(x,t), B(x,t) and E(x,t) are arbitrary functions, while the scale factor
a(t) and the background lapse N (t) depend only on time.

(i) Given that the extrinsic curvature is K;; = —ﬁ ((3)gij,o + Nyjj + Nj‘i) , show that the
linearised curvature for the perturbed metric (f) becomes

K';=® gk Ky, = —HG! + Lrot — (0'0; — 1150y,
where k = 3(®/N + H¥) — Ay and x = —(a?/N)(B — E), with H = a/(Na) and the
Laplacian A = 9;0° = V?/a?.

(i) Linearise the Einstein equation ®) R+ K? — K;; K% = 167Gp to find the corresponding
perturbation equation in terms of the variables k, ® and dp, where the perturbed energy
density p(x,t) = p(t) + dp(x,t).

[You may assume the linearised Ricci scalar is )R = 4A®.]
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(i) Explain briefly why the stress—energy tensor of a gas of photons, described by a one-
particle distribution function f, is given by

*p
THY :/ Fp¥
Ep) fo'p

where p is the 3-momentum and E(p) = |p| is the energy of a photon defined with respect
to an orthonormal tetrad, and p* is the photon 4-momentum.

In linear perturbation theory, the distribution function can be written as

B dln f
dlne

f(nax7€7e) = ]F(E) |:1 @(U»Xae) )

where f(¢) is the unperturbed distribution function, which depends only on comoving
energy € = aF with a the scale-factor. Here, e is the photon direction (with p = Fe), n
is conformal time, x is comoving position, and © describes the dimensionless temperature
anisotropies. Denoting the energy density relative to the orthonormal tetrad as p(1 + ¢),
where p is the unperturbed energy density, the pressure as P+§P, with P the unperturbed
pressure, the momentum density as q = (5 + P)v, and the anisotropic stress as II¥, show

that A
_ ™ 37 =
P=3 dee’ f(e) and P=

Show further that

de de . de s a1
—4 [ = = = o9 = —45 | = el — g
1) /4%8’ v 3/47T®e, p/47r@<ee 35),

and 0P = pd/3.

(ii) For freely-propagating photons, the distribution function is conserved along the photon
path in phase space. Show that in linear perturbation theory
00 dlne

a—n‘Fe'V@— d77

=0. ()

For scalar perturbations in the conformal Newtonian gauge, dlne/dn = ¢ —e- V),
where ¢ and 1 are the metric potentials and overdots denote partial differentiation with
respect to 1. By integrating (%) over e, after multiplication by suitable tensor products of
e, derive the continuity equation

.4 .
0+ §V -v—4¢ =0
and the Euler equation

o+ 50990 - f—pajnw +61U9p = 0.

[You may wish to use [ de (e'e? —§/3) =0.]

Part III, Paper 312 [TURN OVER



B UNIVERSITY OF
Y% CAMBRIDGE 4

(iii) What is the physical interpretation of the 4-vector

d*p
E(p)

e

fpt?

Discuss under what circumstances V,J# = 0.
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Vector perturbations of a spatially-flat universe can be described by the line element
ds* = a*(n) [—dn? + 2B;dndz" + 6;dx'da’] |

where a(n) is the scale factor at conformal time 7 and B; is a divergence-free 3-vector
(0“0;Bj = 0). Throughout this question you should work to first order in the perturbation
B;.

(i) Show that the tetrad vectors with coordinate components
(Eo) =a" 104  and (E)* = a™ (Bidh +6!)

are orthonormal.

By writing the photon 4-momentum as p* = a™ '€ [(Ep)" + €' (E;)*)], where € is the
comoving energy and e* are the direction cosines, show that

1 de
S 4B =
edn+ 0,

where overdots denote partial differentiation with respect to conformal time.

[You may assume the following connection coefficients:
0 0 0 1

where H = a/a.]

(ii) Consider a single Fourier mode of the metric perturbation B;, with wavevector k = kz
lying along the z-axis. Explain briefly why this can be written as a superposition of two
helicity states, labelled £, each of the form
B 1) — 1 BE (1 ks ym ) (s
Bi (777 ]{JZ) - ﬁB( )(777 k:z)ml (Z) ) (*)

where the complex basis vectors mgi)(i) = (0;1 £1i6:2)/V2.

The Boltzmann equation for the fractional temperature anisotropy in the cosmic
microwave background, ©(n,x,e), can be written for vector perturbations as

00 .

— +e-VO+te- B—T@— —T Z @2mY2m( )—Te‘Vb,

on
m=—2

where v is the baryon peculiar velocity, 7 is the optical depth to Thomson scattering,

and Oy, are the spherical multipoles of ©. For the + helicity states given in (x), show

that the source terms e - B and e - v in the Boltzmann equation generate anisotropies

with m = +1 only, so that we can write

21 —i— 1 .
0b(n, kz, e) \/_ Z Y i @l(i)(n, kz)Y;11(e).

>1
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Show that the @l(i)(n, kz) satisfy the Boltzmann hierarchy

20+ 3 DV B

(1) -1 ) V-1

O +k = 7o

1. . .
— 1—0T@gi)5[2 F (B(i) + Tvlgi)> o,

where vlgi)(n, kz) is the amplitude of the + helicity state of v(n, kz), defined by analogy

to (x).
[Note that Y1 +1 = F+/3/(87) sin 0e**?, and

(1 +1)2 — m2 12— m2
cos 6 Yim ¢@L+$@L+DZH Varna-n!
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(a) According to the in-in formalism, the leading order correction to an operator () during
inflation is given by the expectation value

(@) = Re <—2i@f<t> [ H£t<t’>dt'> , ()

where Hi“;t is the interaction Hamiltonian for single-field inflation at third-order. We
assume that Q and H. . are given in terms of the linear density perturbation ¢, which is
a Gaussian random field with power spectrum,

(e, )¢, 7)) = (2m) wne(7) uge(7) Ok + k),
with mode functions uy(7) and their conformal time derivatives u; (7) given by

H . H )
U (T) = —— (1 + tkegr) eS| (1) = ——=PkPre kT |

4eMB,csk3 4eMB,csk3

where we have allowed for a non-trivial sound speed c¢q different from unity. During
inflation we assume the scale factor is a ~ —1/(H7) with conformal time 7 (i.e. dt = adr)
and ¢ = d¢/dt and ¢’ = d{/dr) and that H, € and ¢, are effectively constant.

(1) For the interaction Hamiltonian,

e+1—¢2) .
( - S)C37

3
T a~ €
Hiy = —Mgl/dgl‘ T &

show that the three point correlator (bispectrum) of ¢ reduces to the following:

2
(6,00, D)5k 0) = 0Re( 21 [[ar 2L

X gy (0) iy (0) tiey (0) 'y, (7) 'k, (7) /i (7) (27) 0 (ky + ko + k3)> ;

stating clearly any assumptions that you have made.

(ii) Substitute the mode functions explicitly in the expression () and integrate to find an
expression for the bispectrum B(k1, ko, k3). Briefly discuss the level of non-Gaussianity in
the limits ¢g <« 0 and ¢s — 1 in comparison to standard single field inflation. Discuss which
triangle configurations (if any) dominate the bispectrum signal-to-noise by considering the
behaviour of the shape function S(ky, ko, k3) ~ (k1koks)?B(k1, ko, k3).

(b) The reduced CMB bispectrum b,;,;, arises from the primordial bispectrum
B(k1, k2, k3) through the integral expression:

2 3
bios, = <;> /dm/dkl dky dks (z k1koks)?B(ky, kg, k3) (*)

X Ay (k1) Ay (k2) Ay (k3) jiy (k1) iy (k) jis (ksz) -
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Assume that we have a ‘constant’ primordial bispectrum given by
B(ky, ko, ks) = fxL[P (k1) Pka) P(ks)|*? & fup A AL/ (kikaks)?,

for which we ignore the scale-dependence of the variance Ag. Restrict attention to
large angular scales (I < 200), where we can approximate the transfer functions by
Ai(k) = L5(ATk) with AT = Tg — Tqee, and integrate the reduced bispectrum (x) to

5
find
AfNL [ 1 N 1
Q2L +1D)Q2l+1)2i3+1) [l1+lo+13+3 i +1la+13]

Here, you should state the magnitude of the constant A. Briefly comment on the scale-
dependence of this result.

bl1lzl3 =

[Hint: You may assume the following integral for Bessel function products:

7=+ ! , x>1,
/dk:jz(kf)jz(’fﬂb‘):{Trggl/(g(%/(j(lz))jr v le. }

END OF PAPER
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