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(a) In an axisymmetric, asymptotically flat spacetime with axial Killing field ma, we
may define the total angular momentum, J , by

J =
1

16π

∫

S

⋆dm,

where the integral is taken over a sphere, S, in the asymptotic region where the
stress energy tensor Tab is assumed to vanish.

(i) Show that J is independent of S and that J is given by

J = −

∫

Σ

⋆J ′ ,

where the hypersurface Σ is chosen so thatma is tangent to Σ and J ′
a = Tabm

b.

(ii) Consider the emission of gravitational waves in an axisymmetric configura-
tion. What is the physical interpretation of the fact that, for such configura-
tions, J is independent of S?

(b) Suppose two widely separated Kerr black holes with parameters (M1, J1) and
(M2, J2) are initially at rest in an axisymmetric configuration. Assume that these
black holes fall together and coalesce into a single black hole.

(i) What is the total angular momentum of the final black hole?

(ii) Derive an upper limit for the energy radiated away in this process. Show
that this upper limit depends on the relative sign of the spins of the two
initial black holes. Discuss the physical significance of this dependence on the
relative sign. [You may assume that the area of the intersection of the future
even horizon of a Kerr black hole, with mass M and angular momentum J ,
and a partial Cauchy surface is given by:

A = 8π
(

M2 +
√

M4 − J2

)

.]
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(a) What is a null geodesic congruence? Define the expansion, rotation and shear of a
null geodesic congruence.

(b) Derive Raychaudhuri’s equation

dθ

dλ
= −

1

2
θ2 − σ̂abσ̂ab + ω̂abω̂ab −RabU

aU b ,

for an affinely parametrised null congruence of geodesics with tangent vector Ua.

(c) Assume the spacetime satisfies the Einstein equation with matter obeying the null
energy condition. Show that if θ = θ0 < 0 at a point p on a generator γ of a null
hypersurface, then θ → −∞ within finite affine parameter distance 2/|θ0|, provided
γ extends this far. You may assume that if the congruence contains the generators
of a null hypersurface N , then ω̂ab = 0 on N .

(d) State and prove Penrose’s singularity theorem. You may assume that if S is a two-
dimensional orientable spacelike submanifold of a globally hyperbolic spacetime,
then every p ∈ J̇+(S) lies on a future-directed null geodesic starting from S which
is orthogonal to S and has no points conjugate to S between S and p. You may
also assume that J̇+(S) is an achronal submanifold and that p is conjugate to S if
θ → −∞ at p.
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A five-dimensional black hole spacetime has metric

ds2 = −
f(r)

h(r)
dt2 +

dr2

f(r)
+ r2

[

h(r)

(

dψ +
cos θ

2
dφ− Ω(r) dt

)2

+
1

4

(

dθ2 + sin2 θ dφ2
)

]

where

f(r) = 1−
r20
r2

+
α2 r20
r4

≡
(r2 − r2+)(r

2 − r2−)

r4
, h(r) = 1 +

α2 r20
r4

, Ω(r) =
α r20
r4 h(r)

,

and

0 6 ψ, φ 6 2π , 0 6 θ 6 π , and r2± =
r20
2

±
r20
2

√

1−
4α2

r20
.

You may assume that α > 0, α/r0 6 1/2 and

RabcdRabcd =
24r40

(

16α4 − 16α2r2 + 3 r4
)

r12
.

(a) Calculate the Komar mass M of this solution defined by

M =
3

32π
lim

r→+∞

∫

⋆dk ,

where ka = (∂/∂t)a. The integral is taken over a constant t , r surface at infinity
and the orientation is −dt ∧ dr ∧ dψ ∧ dθ ∧ dφ.

(b) Show that the submanifold of the spacetime corresponding to θ = π/2, φ = const.
is totally geodesic, i.e. a geodesic initially tangent to it, will remain tangent.
Furthermore, show that geodesics with zero angular momenta satisfy

dψ

dλ
= Ω(r(λ))

dt

dλ
.

(c) Show that one can define a quantity r⋆ such that u = t − r⋆ and v = t + r⋆ are
constant on the outgoing and ingoing null geodesics of (b), respectively. (You may
express r⋆ as an integral.)

(d) Define the black hole region of an asymptotically flat spacetime. Prove that the
region r− < r < r+ is within the black hole region. Sketch the Penrose diagram(s)
for the submanifold defined in (b).
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Write an essay on the relation of black holes to thermodynamics.

You should start with a statement of the laws of black hole mechanics and explain
why they are analogous to the laws of thermodynamics. In particular, by consideration
of the first law, you should explain how the connection between surface gravity and
temperature leads to the Bekenstein-Hawking formula for the entropy of a black hole.

Next, you should consider a quantum scalar field Φ satisfying the wave equation
∇µ∇

µΦ = 0 in a globally hyperbolic non-stationary spacetime that is asymptotic to
Minkowski spacetime in the far past and far future, and explain how the vacuum state
can evolve to a non-vacuum state. You should then explain briefly how your results apply
to late-time Hawking radiation from a Schwarzschild black hole formed from gravitational
collapse.

You should conclude with a brief discussion of some of the implications of Hawking
radiation for black holes.

END OF PAPER
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