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(a) The 4 x 4 matrix B is defined so that

plyp )7 #=0
- u=1,2,3.
Show that B=19%* B = 45 where 75 = in0y1y2+3.

(b) The time-reversal operator 7'is anti-linear, T'(a |¢) + B [¢))) = o*T |¢) + BT |).
By making an appropriate assumption (which you should state) about how momentum
eigenstates transform under T and expanding in terms of such eigenstates, show that
(TP|Tep) = (p|h)* for arbitrary scalar states |¢) and |¢), i.e. T is an anti-unitary operator.

(c) Recall the expansion for a Dirac field v (z),
) = 3 B o) p)e " + at ) (p)e ]
p,s

Show that under time reversal,
Tp(z)T ™ = By(ar),
where 2. = (=2 7). [The intrinsic phase nr = 1 in this question and you may assume
that
~07(pr)
“*d(pr),

where pf} = (p°, —p) and as part of your derivation you should find a relation between B
and C']

(d) For the remainder of this question you may assume that 7% ()T~ = ¢(zp) B L.

Consider a U(1) gauge theory with gauge field A,(z). Given that the term in
the Lagrangian, gA,yy"1), where g is a real constant, leads to an interaction which is
time-reversal invariant, determine how A, (z) transforms under 7.

How does z'ad?a“"’ﬁszW transform under T, where a is a real constant, o =
5[, ~"] and F,, = 0,A, — 9,A,7 Could such an interaction arise in the Standard
Model?

(e) Explain briefly why C' violation and C'P violation are required for baryogenesis.
What are the other two conditions required?
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(a) Consider the electroweak part of the Standard Model with gauge group SU(2), X
U(1)y. The covariant derivative acting on the complex scalar doublet ¢ is

Dy¢ = (0u +igWit" + $9'By) o,

where W are the three SU(2)., gauge bosons and B, is the U(1)y gauge boson. Write
down the part of the electroweak Lagrangian involving only gauge and scalar fields.

Describe how the gauge symmetry is spontaneously broken to U(1)gas via the Higgs
mechanism. In particular, you should relate the gauge fields after symmetry breaking
(Wj, Zu, A,) to the original gauge fields, define the Weinberg angle 6y, show that one
gauge boson remains massless and find tree-level expressions for the masses of the other
three gauge bosons and the Higgs boson. [Hint: After giving a brief justification you may
consider the expansion

1 0
b(@) = V2 ( v+ H(x) ) '
where v is a real constant and H(x) is a real scalar field.)

Draw Feynman diagrams for all the tree-level interactions involving both Z and H
fields.

(b) The interaction term in the Lagrangian which governs the decay of the Higgs

2
boson, H, to two Z bosonsis Lgzz = %ZMZ“H, where v is the Higgs vacuum expectation
value. Without neglecting any masses, derive an expression for the decay rate I'(H — ZZ)
supposing that mg > 2my. [Hint: The following expressions may be used without proof:

Kk

(012u] Z(k, 5)) = €u(k, ), }:ewhmyh@:ﬁw+wg’

Z spins s

and the decay rate for A(p) — B(k1) + C(ka) is,

(A BC) = / @k / Lh2 om0 by — k) 3 IMP?
oma | (2m)32k0 | (2m)32K0 L ’

spins

where my is the mass of particle A.
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(a) State whether or not each of the following processes is allowed at tree level in
the Standard Model:

() ud —cs (i)ue—ds (i) b—uetve (iv)e—dut v,

For those which are allowed draw all possible tree-level Feynman diagrams.

(b) Suppose that the chiral structure of the weak charged-current interaction has
not been determined and so the part of the effective Lagrangian relevant for ud — ¢35 is

Gr s o _
Lot = ——=[dv*(P + Q7°)u] [e7va(P + Q7)s] ,
V2
where P and @) are real constants and Gp _ & Neglecting quark masses, CKM matrix

V2 T 8MZ,
factors and the effects of the strong interaction (e.g. hadronization), show that

S—g(u(pl) d(p2) — c(k1) 8(k2)) = F(s)[Hi (1 + cos®0) + Hy cosb)],

where 6 is the angle between p; and El, F(s) is some function of s = (p; + p2)? which
you should find, and the constants H; and Hs should be expressed in terms of P and Q.

[Hints: Work in the centre of momentum frame. The following expressions may be used
without proof:

Tr(y*...4H) = 0 forn odd,
Te(v#9"v7) = 4g"" g™ — g""9"" + 9" g""),
Tr(YPyHy"yPy7) = —4ie??
Eaﬁapeoa,é’)ﬁ = _2(60)\ 5pT - 507 5p/\) )

and the differential cross section for A(pa) + B(ps) — C(pc) + D(pp) is,

1 1 d3pc dng 4 1
= =T 0T <<2w>32p%) <<2w>32p%)( 0 patps—pe—pp) 3 2 IMF,

spins

where A, B, C and D are spin-1/2 fermions.]

(c) What happens to your expression at high energy (large s)? Comment on this.

(d) Find an expression for the asymmetry

do (9) — 420 + )

A(9) =4 4 :
d2(0) + d2(6 + )

Why might the experimental measurement of this asymmetry be a useful way to constrain
the chiral structure of the weak charged-current interaction?
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To leading order, the scale dependence of a renormalized coupling g(u) is given by
LA
du 16727 7
where p is the renormalization scale and 3y is a real constant.
(a) Briefly explain the consequences of 5y being positive (as in QCD) or negative.

(b) For as = ¢g*/4n and assuming that By > 0, derive a expression for as(u) in
terms of an energy scale A where o diverges.

(c) In QCD, suppose that A = Ay for p < my, (where ny = 4) and A = As for
mp < p < my (where ny = 5). Here my and m; are respectively the bottom and top quark
masses. By requiring that as(u) is continuous at u = my, show that,

me\ ~P/"
A5 = A4 (A_j:> )

where p and r are positive integers which you should find. [You may assume that
Bo = 1—31N — %nf in an SU(N) gauge theory with ns flavours of quarks.]

(d) The cross section for e*(p1) e (p2) — hadrons beyond leading order may be
written as

4 2
a:g%az@«mwaﬁwy
f

where @ is the charge of quark flavour f, ¢ = p; + p2 and at O(a?)

K (o), 2/u?) = 1+ SU2) | 50

Bo 92, 9
1.99 — 0.11n; — 221 .
- - [ nr = n(q°/p?)

One way to choose the arbitrary scale p is to require that

K
dlnp?

By using this prescription with the leading order scale dependence of as(p), find an
expression for ;2 in terms of n ¢ and q.
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