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Write an essay on the Lie groups SU(2) and SO(3) and the relationship between
them. In each case you should include a description of the relevant group manifold and a
derivation of the corresponding Lie algebra. You should also discuss the relation between
the representation theory of these two groups. Any general results you need which apply
to all matriz Lie groups and Lie algebras may be stated without proof.

Let g denote a complex, simple, finite-dimensional Lie algebra. Define a Cartan
sub-algebra (CSA) b of g and explain what is meant by a root « of g and by a Cartan-
Weyl basis for g. State without proof the general form of the Lie brackets between the
generators of the Cartan-Weyl basis.

Consider the case where g = Lc(SU(N)). Consider a basis for the CSA consisting
of matrices of the form H* = 7)) — 70+Li+1) for j =1, ... N — 1. Here T denotes
the N x N matrix with componenents

(T99),, = dasics

where j,k,a,8 = 1,2,...,N. Find all the roots of g as (N — 1)-component vectors in
this basis and identify the generators of the corresponding Cartan-Weyl basis as N x N
matrices.

Evaluate the Lie brackets of each pair of generators of the Cartan-Weyl basis, giving
the result in each case as an explicit linear combination of basis elements.
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In this question you may use any general results from the theory of complex, simple,
finite-dimensional Lie algebras provided they are clearly and correctly stated.

The simple lie algebra G2 has Dynkin diagram,

What is the angle between the simple roots corresponding to the two nodes of the
diagram and what is the ratio of their lengths? In the following, let o denote the longer
simple root and S the shorter one.

Given two roots 0 and 7 of a simple Lie algebra g, the root string S, s is the set
consisting of all roots of the form § + ny where n is an integer. Explain briefly what we
can deduce about the root string given the inner products of the roots § and v. What is
the length of the string S, 5 if both v and ¢ are simple roots?

Returning to the case g = G, list the roots in S, g and in Sg,. By considering
further a- and (-strings through these roots, find the full set of roots of Gy. You may
assume that this procedure is sufficent to obtain all the roots but should otherwise explain
your reasoning clearly. You should give each root as an integer linear combination of
and 3. Deduce the dimension of the Lie algebra Gs.

Find the fundamental weights wy; and wy of Gy. Here we choose wy to be the
fundamental weight having non-zero inner product with the longer simple root . Construct
the weight set of the irreducible G representation with Dynkin labels (0,1). Assuming
the weights are non-degenerate what is the dimension of the representation?
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A Lie algebra-valued gauge field,
Ay R> — g
transforms as A, — A, + dx A, with,
OxA, = —€0, X +€[X,A,]

under an infinitesimal gauge transformation dx labeled by a Lie algebra-valued function
X :R*!' — g and a small parameter ¢ << 1. Write down the field-strength tensor F,,, cor-
responding to A, and derive its transformation property under the gauge transformation

0x.

Define the Killing form k on a Lie algebra g and prove its invariance property,

k([Z,X],Y)+k(X,[ZY])=0 VX,Y,Zcg

Using the Killing form on g, write down a Yang-Mills Lagrangian density for the
above gauge theory and demonstrate its invariance under infinitesimal gauge transforma-
tions. Briefly discuss the conditions required for the theory to be physically acceptable
and the implied conditions on the Lie algebra g.

Consider the case g = L(SU(N)). Here we define a (non-infinitesimal) transforma-
tion of the gauge field according to,

Ay — Ay =gAug~" = (0u9) 97" ()

where ¢ is a function on spacetime taking values in the Lie group SU(N) and the
implied product in the above formula is matrix multiplication. Find the corresponding
transformation law for the field-strength tensor under (*). Using the explicit formula,

K(X,Y)=Tr(XY)

for the Killing form on £(SU(N)) show that the corresponding Yang-Mills Lagrangian is
invariant under (*).

Explain how the infinitesimal transformation dx defined above is related to the finite
gauge transformation (*).
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