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State and prove the Poisson summation formula for R. Use it to obtain the
transformation formula for the #-function

o) = > ™t =t7120(1)t),  t>0.

n=-—o0o
Deduce the analytic continuation and functional equation for the Riemann (-function.

7T$2

[You may assume that e”™" is its own Fourier transform.|

Let x: (Z/NZ)* — C* be a Dirichlet character. Define the Dirichlet L-function
L(x,s). Using a suitable Mellin transform, show that if x # xo, then L(x,s) can be
analytically continued to the left of the line Re(s) = 1.

Assuming the result that for all x # xo, L(x, 1) # 0, show that the series
p prime
(p,N)=1
for real s > 1, satisfies

F(s) = o0 as s — 1 if x = xo
F(s) is bounded as s — 1 if x # xo.

Use this to prove Dirichlet’s theorem on primes in arithmetic progressions.

[Throughout this question you may use without proof any facts about characters of
finite abelian groups you need, as well as the results of Question 1.]
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Show that there is no nonzero modular form of weight 2 on I'(1) = SLa(Z). (You
may use any result about the number of zeros of a modular form, but should state it
clearly.)

Let

[e'e) [e.e]

/ 1
Ga(z) = Z Z ezt )2

m=—0o0 N=—0o0

where ¥’ denotes that the term (m,n) = (0,0) is omitted.

2
a) Show that Ga(z) = 7T?Eg(z), where

b) Assuming the relation Fo(—1/2) = 22Es(2) + 122/2mi, show that if £ > 0 and
f € Mi(T'(1)) then
1 df k&
-~ Y g
9= maz 12

belongs to My12(I'(1)), and that g is a cusp form if and only if f is.
c) Let A=3" _,7(n)¢" be the normalised cusp form of weight 12. Show that

n—1
(I =n)r(n) =24 Z o1(r)r(n—r).
r=1
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Let I' € I'(1) = SL3(Z) be a subgroup of finite index. Show that for any
v € G = GL2(Q)T, the subgroup I = I'(1) Ny~ Ty has finite index in T'(1).

What is a modular form of weight & on I'? Explain the condition of holomorphy
at the cusps of I', and show that if f € M(I') and v € G then f|iy is holomorphic at
infinity. Deduce that f|py € Mg(I").

Let x: (Z/NZ)* — C* be a Dirichlet character, where N > 1. For f € Si(I'(1)),
define

_ g
fr(z) = Z X2+ 55)-
1SN
(U,N)=1
Show that f, € Sg(I'1(N) NTo(N?)) and that its g-expansion is a constant multiple of
Y x(man(f)d"
n>1

(n,N)=1

[Here I'g(N) and I';(N) denote the subgroups

{<‘C‘ Z)ef(l) czO(modN)}, {(‘C‘ Z>er(1)

respectively.|

c=0, azdzl(modN)}

Let & > 0 be a positive even integer.

a) Show that if f € Si(I'(1)) then y*/2|f| is bounded on the upper half-plane. Use
this to prove that |a,(f)| < Cn*/? for some constant C.

b) Define the Hecke operators T'(n) as elements of the algebra of double cosets
for (GLo(Q)*,T'(1)), and show that the associated operators T}, = n*/>~1T(n) acting on

My (T'(1)) are given by
=t 3], (5 )

a,d>1
ad=n
0<b<d

(Any results you need about subgroups of Z? should be proved.)

Determine the action of T}, on g-expansions of modular forms, and show that if

T.f = A\f then a,(f) = Aai(f).

Show also that if ag(f) # 0 and f is an eigenfunction of all the T,,, then f is a
multiple of Ey.
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