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(a)

(b)

Let Q be a bounded domain in R"”.

Let L = aijDij + V'D; + ¢ be an elliptic operator on Q. Giving the additional
hypotheses needed, state and prove the weak maximum principle for a function
u € C?(Q) N COQ) satisfying Lu > 0 in Q.

If w e C*°(Q) N CHQ) is harmonic in 2, show that

sup |Dw| = sup |Dw|.
Q o0

If v € C%(Q) N COQ) satisfies Av = v® — v in Q, and if supy |v| < 1, show that
supq |v] < 1.

Let L = aijDij +b'D; be an elliptic operator on a domain Q C R”, and let y € 9.
Giving the additional hypotheses needed, state and prove the Hopf boundary point
lemma for a function u € C?(Q)NC°(QU{y}) satisfying Lu > 0in Q and u(y) > u(z)
for all x € .

[You may use without proof the weak maximum principle.]

Let Q2 C R™ be a domain and let v € C1(£2) be non-positive. Let Z = {x € Q :
v(x) = 0}. Use the Hopf boundary point lemma to show that if v € C?(2\ Z) and
satisfies Av+v =01in 2\ Z, then either v(z) = 0 for every z € Q or v(z) < 0 for
every x € ).

Give an example to show that this conclusion does not hold if in place of the
hypothesis v € C1(€) it is assumed that v is locally Lipschitz in €, and all other
hypotheses are kept unchanged.
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3 Let o € (0,1) and let © be a bounded C** domain in R™. Let c € C%%(Q).

(a) State without proof the global Schauder estimate satisfied by a function u € C%* (Q)
solving the Dirichlet problem

Au+cu= fin Q,
u =1 on 02 ()
where f € C%%(Q) and ¢ € C?%(Q).

If ¢ < 0 in €, use the weak maximum principle to show that
sup [u| < sup || + C'sup [f]
Q 09 Q

for some constant C' depending only on 2.
[Hint: Choose d > 0 such that Q C {—d < x1 < d} and consider the function
v =supgq [¢] + (€2 — e +) supg | f]]

(b) State and prove the Fredholm alternative concerning solvability for u € (f’o‘ (Q) of
the Dirichlet problem (x) for given functions f € C%*(Q) and ¢ € C% (Q).
[You may use without proof any theorem from abstract functional analysis and any

standard existence theorem for solutions to elliptic equations.]

(c) Show that there exists a constant e = €(f2) > 0 such that if c(z) < e for all z € €,
then for any given f € C%%(Q) and ¢ € C**(), the Dirichlet problem (%) has a
unique solution u € C**(Q).
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4 Let B1(0) be the open unit ball in R™ and let « € (0,1). Show that for each

§ € (0,1), there is a constant C' = C(n,q,d) € (0,00) such that if u € C*%(B1(0)) is a

solution to Au = f in B1(0) for some f € C%*(B;(0)), then

[D*ula; B, 50) < 8[D*ula; By(0) + C (lul; By(0) + |Flo.as B1(0)) -
[You may use without proof Liouville’s Theorem: there does not exist a non-constant
harmonic function w on R™ such that [w)]e,re < 00.]

Explain briefly how to deduce from the above result that there is a constant
C = C(n, a) such that, for u and f as above,

[D*u) ;500 < C (2 B,(0) + [ flo,0: B1(0)) - (%)

[You are not required to give proofs of any additional results needed.]

Give an example to show that the estimate (x) cannot be improved to

[Dzu]a;Bl/g(O) < C (|ulo; By o) + | flo: By (0))

for some constant C' = C(n, «).
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5 Let B1(0) be the open unit ball in R”, and let a” € L*°(B;(0)) be such that
||| oo (B, (0)) < A and @™ (x)¢*¢? > X|¢]? for some constants A > X > 0, all ¢ € R" and
a.e. v € B1(0). Let Lu = D; (a¥ Dju).

(a) Let u € W12(B;(0)) be a non-negative weak supersolution of Lu = 0 in B1(0). State

without proof the weak Harnack inequality giving a lower bound for infp, 12(0) U

(b) Let u € WhH2(B1(0)) be a weak solution of Lu = 0 in By(0). Assuming that
u € L>®(B1(0)), use the estimate in (a) to show that u € CO (B1/4(0)), and that

0@ =)

< Cllullzeo (s, 0
2,y€B /4(0), z#y |z — y|~ (B1(0))

for some constants p € (0,1) and C > 0 depending only on n, A and A.

(c) Let up € W12(B1(0)) N C°(B1(0)) be a non-zero weak solution of Lu = 0 in By (0)
for each k = 1,2,3,.... Show that there is a function v € VV&E (B1(0))NC°(By/4(0))
satisfying Lv = 0 weakly in By(0) for every 6 € (0,1) and a subsequence ug such
that

k!
(SUPBl(O) \Uk/\)
uniformly on B 4(0) as k" — oo.

[Hint: Show first that [ |Duy|*¢? < C [ |ug|?|Dp|* for some constant C independent
of k and any » € CL(B1(0)).]

— U
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(a)

Let B1(0) be the open unit ball in R™ and let Lu = D; (a"Dju) where a” &
L>(B1(0)), [|a® || s (B, (0)) < A and @ (2)¢"¢7 > A|¢|? for some constants A > X > 0,
all ¢ € R” and a.e. z € B1(0). Let u € Wh2(B1(0)) N L>(B1(0)) and suppose that
u is a non-negative weak subsolution of Lu = 0 in B;(0).

Show that o
Dutur < o [ ueipgp
/131(0) (a—1)? JB,(0)

for each a > 1 and n € C1(B1(0)), where C = C(\, A).
For n > 3, the Sobolev inequality says that

1
/ ) <cC IDf?
B1(0) B1(0)

for every f € Wol’2(Bl(0)), where 0 = -5 and C = C(n). Use the Sobolev
inequality and the above estimate to show that for n > 3, 0 < r < R < 1 and any

p>1,
= 1 a
/ uaa < LQ / ua
(0) (R—r1r)a Br(0)

for any o > p, where C' = C(n,p, \, A).
Deduce that for n > 3 and any p > 1,

[ull Lo (B, 5 (0)) < Cllullzes, (o))

for some constant C' = C'(n,p, A\, A).

Let n > 3 and now suppose that a” € L®(R"), |a"]|peomny < A and that
a(z)¢'¢7 = A|¢|? for some constants A > A > 0, all ( € R” and a.e. z € R". Let
Lu = D; (a¥Dju). If u € VV&)?(]R") N L2 (R™), v > 0 and u is a weak subsolution

of Lu = 0 in Bg(0) for every R > 0, and if fRn uP < oo for some p > 1, show that
u =0 in R™.

END OF PAPER

Part 111, Paper 107



