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1

Define the spaces D(Rn) and D′(Rn), specifying the notion of convergence in each.
Define the convolution between D′(Rn) and D(Rn).

Prove that D(Rn) is dense in D′(Rn).

Determine the limit in D′(R2 \ {0}) of the sequence of functions

um(x1, x2) = m sin
(

m|x21 + x22 − 1|
)

, m = 1, 2, 3, . . .

Does the limit exist in D′(R2)?

2

State and prove the Paley-Wiener-Schwartz theorem.

Let {ym}Nm=1 be a sequence of distinct points in Zn and {fm}Nm=1 be a collection of
entire, complex valued functions of z ∈ Cn, none of which are identically zero. Suppose
that the functions obey the estimates

∣

∣eiz·ymfm(z)
∣

∣ . (1 + |z|)m exp
(

1
m+1 |Im z|

)

, m = 1, . . . , N

for each z ∈ Cn. Can you say anything with regards the linear independence of such a set
of functions? Justify your answer.

3

Let X ⊂ Rn be open. Define the class of symbols Sym(X,Rk;N). What does it
mean for Φ : X ×Rk → R to be a phase function?

If a ∈ Sym(X,Rk;N) and Φ is a phase function explain how the oscillatory integral

IΦ(a) =

∫

eiΦ(x,θ)a(x, θ) dθ,

defines a linear form on D(X). Show that IΦ(a) ∈ D′(X).

A distribution u ∈ D′(R2) is defined by

〈u, ϕ〉 =

∫

∞

−∞

x2
∂ϕ

∂x1
(0, x2) dx2.

Express u as an oscillatory integral. You should prove your answer does indeed give rise
to the same distribution.
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