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In this question £8* is an entanglement-breaking operation and AP is an

arbitrary operation.

i.

ii.

For systems A and B of finite Hilbert space dimension, any separable operator g
on Ha,® Hg can be written nys = Zf:o a(i)a ® B(i)g for some k € N where the a(i)a
and [3(i)g are positive semidefinite operators.

Using this fact, show that

EBA — PB(—\?MW—A (1)
where MY<A L, — Z’;:O lyXyl¢TraE(y)aLa is the operation which measures a
POVM E on A and stores the result in Y, and P?<Y : Lg Z’;:O 7(y)s Tre|yXyly Ly

is the operation which measures Y in the computational basis, obtaining result Y,
and prepares B in a state 7(Y)s.

Let Px be a distribution on a finite alphabet Ax, let p be a map from Ax to states
of AC, and let

pac = Y Px (@) x)alx @ p(a)ac (2)
O%¥D :M\?{_A ® ND%CP)’(AC (3)
WxBD :PBF?US(\?D‘ (4)

Show that I(X : BD), = I(X : B),, + I(XB: D), — I(B : D),, and hence
X<8A<—B ®ND<—C) g X<SB<—A) + X(ND(—C),

where x is the Holevo information, stating clearly any results you use.
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i. Let A and B be Hermitian operators on a Hilbert space of dimension d, and let
I denote the identity operator on this space. Let A = } o, ,Ajlaj)ey| be an
eigendecomposition where the \; are in non-increasing order.

Given r € {0,...,d} show that, if 0 < B <[ and TrB =r

TrAB< Y A (1)

0<y<r

ii. Let Q be a system of Hilbert space dimension dq, and let py be a state of Q with
eigendecomposition pq = > g<;cq, Ajles) ;| Where the A; are in non-increasing
order. Suppose that there is a system K with Hilbert space dimension k < dq such
that there exists an encoding operation C*< 9 and a decoding operation D¥* such
that

Fop(D¥CK, p)2 > 1 — . 2)

By considering Kraus representations of the encoding and decoding operation, show
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i. Let L be a linear operator on Hilbert space H of finite dimension.
Define |L| and define the trace norm ||L|[; and operator norm ||L||o, of L.

If L has polar decomposition L = U|L| where U is a unitary operator on #H, show
that if Z is a linear operator on H with ||Z]|,, < 1 then

IL] = [TrZ L.

ii. Let oag be a state of AB where A and B are systems of Hilbert space dimension d,

and let )
¢Z_B =75

S il © Xl

0<i,j<d

Show that if o has positive partial-transpose then F (¢, ops) < —=

N
iii. Suppose that

(10)0[x @ [0)Ole + [1)(1]a @ [1)1]e) + % (10)(1]a @ [O)1]e + [1)0[a @ [1)XO]e) -

N —

Pas =
For which values of & € R is pag

(a) a density operator?
(b) a pure state?

(c) a separable state?
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i. State the Schmidt decomposition theorem.

ii. Suppose that
1
V15

Write down ¥, := Trg|t))(v|as and g := Tra|th)1)|as as matrices in the computa-
tional basis, and write down a Schmidt decomposition for [¢))g.

[¥hns = == (2V21004 ©10)s = 10)a @ [1)a + VEIL)a @ [0)a +211)a @ |1)a)

iii. Let A and B be systems of Hilbert space dimension d, and let

1 . .
6" Ve = Vi Z |i)a ® |i)s

0<i<d

Show that if |()ag is a state vector with Schmidt rank r then

F(|¢% X6 Ines [€)Clae) < V/r/d.
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Let p be a map from a finite set Ay to the states of a system Q. Suppose that there
is a subset Ay C Ax of size k and a POVM E : Ay — L(Hq) such that

1
Z Z TrE(m)qp(m)q =1 — €.
meAn

Given a distribution Px on Ax we define

Pxq = Z Px(z)z)Xz|x @ p()q, px = Tropsq, and pq = Trzpsq-
xE.A;(

For p € [0,1], let wlp]; := (1 — p)[0X0]z + p|1)1]z.
1. Define the von Neumann entropy S and the quantum relative entropy D and give
expressions for S(w(p|z) and D(w|p]z||w(g]z) in terms of p and gq.

2. Show that there is a distribution Py and a POVM F : {0,1} — L(Hxq) with result
Z such that, if the state of XQ is pgq then Pr(Z = 0) = 1 — € and if the state of XQ
is px ® pq then Pr(Z =0) = 1/k.

3. Using the previous parts (or otherwise) show that

Supp, I(X: Q)pgq +1

log(k) <
og (k) -

END OF PAPER
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