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A planet on a circular orbit of semimajor axis ap around a star of mass M⋆ is losing
mass in the form of dust grains of diameter D. Sketch the ratio of the radiation pressure
force to stellar gravity acting on the dust grains, β, as a function of D, identifying the
different regimes on this plot and describing their physical origin.

Show that the new orbit of a dust grain with a given β has a semimajor axis ad and
eccentricity ed given by

ad/ap = (1− β)/(1 − 2β),

ed = β/(1 − β).

If θd is the azimuthal angle subtended at the star by the dust particle from its point
of release, show that this increases at a rate θ̇d = np(1 − β + β cos θd)

2, where np is the
mean motion of the planet.

If ∆θ is the angular distance between the planet and the dust particle, for small β
show that ∆θ ≈ 2β[sin θd − θd].

Sketch ∆θ as a function of θd for 5 orbits of dust grains with β = 0.01 and 0.04.

Poynting-Robertson drag makes a dust particle migrate such that, for small β, its
semimajor axes decays at a rate ȧd ≈ −(2βGM⋆/c)a

−1
d , where c is the speed of light and

G the gravitational constant. Show that by the time the particle has reached ∆θ = 2π,
this drag force would have caused a fractional change in the particle’s semimajor axis of
∆ad/ad ≈ 2πvp/c, where vp is the orbital velocity of the planet.

Dust particles are continuously produced, but are quickly removed from the system
such that in steady state the planet has a tail of particles with an azimuthal extent
∆θ ≪ 2π. Suggest a physical mechanism which may be removing the particles.

If n(∆θ)d∆θ is the number of particles in the tail in the range ∆θ to ∆θ + d∆θ,
show that for small β and some other simplifying assumptions that should be stated, the
tail has a density

n(∆θ) ∝ 1/ sin 2

(

∆θ

4β

)

.
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Consider the motion of a test particle in the gravitational potential of a binary
comprised of two bodies of mass M1 and M2 ≪ M1. These bodies follow a circular orbit
about their centre of mass O; units are chosen such that both the distance between them
and their mean motion are unity. The particle’s motion is in the binary orbital plane and
its location in this plane given by (x,y) in the rotating frame (x̂xx, ŷyy) that is centred on O
with x̂xx pointing towards M2. Give expressions for r1 and r2, the distance of the particle
from M1 and M2, respectively, in terms of x, y and µi = GMi, where G is the gravitational
constant.

The equation of motion for the particle is

ẍ− 2ẏ = ∂U/∂x,

ÿ + 2ẋ = ∂U/∂y,

where U = (x2 + y2)/2 + µ1/r1 + µ2/r2. Show that

∂U/∂x = µ1(1− r−3
1 )(x+ µ2) + µ2(1− r−3

2 )(x− µ1),

∂U/∂y = µ1(1− r−3
1 )y + µ2(1− r−3

2 )y.

Sketch the centrifugal and gravitational accelerations experienced by the particle
as a function of x for y = 0, and hence deduce that there are three collinear equilibrium
points.

The collinear equilibrium point L2 lies on the line connecting M1 and M2 on the
other side of M2 from M1. Show that to lowest order in small quantities, the location of

this point (xL2,0) is such that its distance from M2 is r2,L2 ≈ α =
(

M2

3M1

)1/3
.

The particle is orbiting very close to L2 at y = Y and x = xL2 +X, where X ≪ α
and Y ≪ α. Show that the equation of motion can be written in the form Ẋ = AX, where
the vector X = [x, y, ẋ, ẏ] and the matrix

A =









0 0 1 0
0 0 0 1

1 + 2B 0 0 2
0 1−B −2 0









,

where B should be determined.

Hence show that L2 is an unstable equilibrium point, and estimate the characteristic
timescale for the distance of the particle from this point to grow.

Part III, Paper 316 [TURN OVER



4

3

Consider the evolution of a test particle due to the secular perturbations of an
exterior planet of mass Mp. Both objects orbit a star of mass M⋆ ≫ Mp in the same
plane. The semimajor axis, eccentricity and longitude of pericentre of the particle are a,
e, ̟, and those of the planet ap, ep, ̟p, respectively. Assuming all eccentricities to be
small, the disturbing function is

R ≈

(

GMp

ap

)[

1

8
αb13/2(α)e

2
−

1

4
αb23/2(α)epe cos (̟p −̟)

]

,

where G is the gravitational constant, α = a/ap and bj
3/2(α) are Laplace coefficients.

Derive expressions for the evolution of the particle’s eccentricity and longitude of pericentre
using Lagrange’s planetary equations ė ≈ −(∂R/∂̟)/(na2e) and ˙̟ ≈ (∂R/∂e)/(na2e),
where n is the particle’s mean motion.

Hence show that the particle’s complex eccentricity z = e exp (i̟) evolves as

ż = iA(α)[b13/2(α)z − b23/2(α)zp],

where A(α) = (1/4)np(Mp/M⋆)α
1/2, np is the planet’s mean motion, and zp the planet’s

complex eccentricity.

The particle starts on a circular orbit and the planet’s orbit is fixed. Show that its
complex eccentricity after a time t is

z(t) =

(

b2
3/2(α)

b1
3/2(α)

)

zp[1− exp (iA(α)b13/2(α)t)].

Describe this evolution on an Argand diagram.

Now consider the same problem, but in which the planet’s mass is initially zero,
growing linearly with time up to Mp over a timescale tp = 2π/[A(α)b1

3/2(α)], where A(α)
is as defined above for the planet at its final mass. Derive an expression for the evolution
of the particle’s complex eccentricity for time up to tp, and comment on how the evolution
has changed as a result of the changing planet mass.

Show that z(tp) = 2zp[b
2
3/2(α)/b

1
3/2(α)].

Describe qualitatively the evolution of the particle’s complex eccentricity had there
been additional planets in the system, both with all planets having fixed masses, then
again with one of the planets varying in mass.
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Consider an asteroid belt of total mass Mtot made up of planetesimals with
a dispersal threshold that is independent of their size D. Collision velocities are
size independent and large enough that gravitational focussing can be ignored. The
planetesimals are undergoing a collisional cascade with a size distribution that follows
a power law with n(D) ∝ D−α between minimum and maximum sizes Dmin and
Dmax ≫ Dmin, where α > 3 is a constant and n(D)dD is the number of planetesimals in
the size range D to D+ dD. Show that the collisional lifetime is tc = AM−1

totD
α−3, where

A is a constant.

By considering the redistribution function to be scale independent, show that in
steady state (which may be assumed) α = 7/2.

The planetesimals are subject to the Yarkovsky force which removes them from the
belt on a timescale given by ty = BD + CD−1, where B and C are constants. Describe
the physics of this force, and explain why this force is inconsequential for both small and
large planetesimals.

Show that Yarkovsky timescales are less than collision timescales for some sizes
as long as Mtot < My = (33/4/4)AB−3/4C−1/4, and on the same plot sketch the two
timescales as a function of D for two different belt masses Mtot ≫ My and Mtot ≪ My.

For the belt with Mtot ≫ My, sketch the size distribution of material in the belt,
and the size distribution in the population of objects removed by Yarkovsky forces. The
slopes in the distributions, and the sizes at which any changes occur, should be quantified.
You may assume that the removed material evolves due to dynamical processes that result
in a lifetime that is independent of size.

Sketch and quantify these distributions for the belt with Mtot ≪ My. You may
assume that the redistribution function follows a power law with α = 7/2.
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