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(a)(i) Explain how to define ingoing Eddington-Finkelstein coordinates (v,r,6,¢) for
the Schwarzschild solution and how to analytically extend the solution into a region
0 < r < 2M. (ii) Determine the behaviour of radial null geodesics in these coordinates
and hence plot a Finkelstein diagram.

(b) Explain what is meant by ”geodesic completeness” of a spacetime. On a Penrose
diagram for the Kruskal spacetime, draw (i) an extendible radial null geodesic; (ii) an
inextendible, complete, radial timelike geodesic; (iii) an inextendible, incomplete, radial
null geodesic.

(c) Alice is an astronaut who falls radially into a Schwarzschild black hole. During her
fall, she sends radio signals radially to her friend Bob, who is at constant radius far from
the black hole.

(i) Use outgoing Eddington-Finkelstein coordinates (u,r, 6, ¢) to show that the redshift of
the signals received by Bob is given by

A du

A4 dT
where Alice’s trajectory is u = u(7), r = r(7), 7 is her proper time, and the RHS is
evaluated at the time the signal is emitted.

(ii) As Alice approaches the event horizon, Bob observes that the redshift of the signals
is proportional to e for some constant a, where t is Schwarzschild time. Determine the
mass of the black hole in terms of a.
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(a) What is a null hypersurface? Prove that the normal to a null hypersurface is geodesic.

(b) What is a trapped surface? State Penrose’s theorem. Give an example of a spacetime
containing trapped surfaces and explain briefly how it is consistent with Penrose’s
theorem.

(c) Using a Penrose diagram, given an example of a spacetime constructed from initial
data (3, hap, Kgp) for which (3, hep) is inextendible but the maximal Cauchy development
is extendible. Explain why your example is consistent with the strong cosmic censorship
conjecture.

(d) At any point p one can choose normal coordinates (z°,2%) (i = 1,2,3) such that
Guv = dia‘g(_la 1,1, 1)

(i) Prove that the dominant energy condition at p is equivalent to the condition that
Too = V1 Ty; in any normal coordinate chart at p.

(ii) A Maxwell field has energy momentum tensor

1

1
Ty = - <FFb — 1 F*Fe gab>

In normal coordinates at p define E; = —Fpy; and B; = (1/2)€;;,Fj. Hence prove that a
Maxwell field satisfies the dominant energy condition.

(iii) Consider a scalar field with action

S = / d*z/—gF(X)

where X = —(1/2)¢g"0,¢0,¢. Prove that this scalar field satisfies the dominant energy
condition if the function F'(X) satisfies the following conditions for all X:

F(X)>0 XF(X)-F(X)>0
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(a) In a globally hyperbolic spacetime one can introduce coordinates (t,z") such that
ds* = —N2dt* + h;;(dz’ + N'dt)(dz? + N7dt)
The Einstein-Hilbert action is then (neglecting surface terms)
S = / dtd*zVhN (<3>R + KiK' - K?)
where ()R is the Ricci scalar of hi; and
1 -
Kij = W (6thij — DiNj — DjNi) K = h”Kij

where D; is the Levi-Civita connection of h;;.

(i) Why are N and N non-dynamical fields? Determine the momentum 7% conjugate to
hij. [4]

(ii) Show that the Hamiltonian of General Relativity is (neglecting surface terms)
H= / d*xvVh (NH + N'H,)

where H and H; should be expressed in terms of h;; and .

=)

(iii) Why does a closed universe have zero energy?

(b) A Kerr black hole has metric

=

g = B0 e an2gT T )

by by
<(r2 + a?)? — Aa? sin? 9)

dtde

sin? 0d¢? + = 2 + 2d6?

by A

where
Y =1r2+acos’0 A =12 —2Mr + a?
and M > a > 0.
(i) Let D = gt2¢— 91t9s¢- Given that D > 0, show that —g?(dt)y is everywhere timelike and
hence defines a time orientation. Deduce that ¢t must increase along any future-directed

causal curve. (Consider only the region outside the black hole and ignore the coordinate
singularities at § = 0, 7.) 5]

(ii) Consider an arbitrary causal curve. Prove that this must satisfy

—9t¢—\/5< d¢< —9t¢+\/5

gss At T ggg

=)

(iii) Deduce that d¢/dt > 0 for any causal curve in the ergosphere.

=
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(a)(i) Raychaudhuri’s equation is

do 1

== _592 — 66 4+ P00y — RypyUU®
Show that if # = 6y < 0 at some point on a generator of a null hypersurface then § — —oo
along that generator within affine parameter 2/|6p|, provided the generator extends that

far and the null energy condition is satisfied.

(ii) State the second law of black hole mechanics and sketch a proof. You may assume
that the generators of the future horizon are complete to the future.

(iii) Consider two identical Kerr black holes, with parameters (M, a), which merge to form
a Schwarzschild black hole with mass M’. The fraction of the initial energy radiated in
gravitational waves is n = (2M — M")/(2M). Use the second law to derive an upper bound
on 7 in terms of a/M.

(b) Explain how to quantize a Klein-Gordon field in a globally hyperbolic spacetime.
Describe why the concept of particles is ambiguous in general but well-defined in a
stationary spacetime.
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