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For some positive integers n and m, we observe n balls placed in m bins, labelled
from 1 to m. Let Sy,...,Sq non-empty disjoint subsets of {1,...,m}, each with cardinality
k < m. Under distribution Pg, the balls are placed independently and uniformly in the
m bins. Under distribution Py, an element j of {1,...,d} is drawn uniformly at random,
and conditionally on 7, the balls are placed in the m bins with the following distribution
Q;, independently: We flip a coin with probability of heads m € (0, 1). If it falls on heads,
the ball is placed uniformly in one of the k bins with a label in S;, and if it falls on tails,
uniformly in the m bins.

We denote by b; € {1,...,m} the label of the bin in which ball i is placed. The
number of balls in bins with index in S; is ¢; = [{i|b; € S;}|. We write e = k/m.

a) For any j € {1,...,d}, give the distribution of ¢;, under Py and Q; using the
J J
parameter e.

(b) Show without proof that if X has binomial distribution B(n,p), then X — np
is sub-Gaussian with parameter n/4. Use this to derive without proof a bound on the
probability that X —np > ¢, for all t > 0. State any theorem that you use.

(c) Fix 6 € (0,1). Using the statistic C' = maxi<j<qc¢;, give a test ¢ such that
whenever

r(1—¢) > —1";(1‘1) 12 Lg;ll/ %)

we have

Po(py =1)VP1(p =0) < 6.
(d) Define the chi-square divergence between two distributions. Write x?(P1,Pyp)
in terms of the likelihood ratios Q;/Py.
(e) Using without proof the fact that

C(P1Po) = (1= 3) (1= )" + (14 (1 ~1)" 1,

show that for v € (0,1/2), when

log (1612
TF(E_l B 1)1/2 < og(1612d) ,
n
we have 1
iﬁfPo(T/JIl)\/Pl(l/JZO) > 5—1/,

where the infimum is taken over all tests 1.
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Let d > 2 be an integer and S be an unknown subset of {1,...,d} of k consecutive
integers (modulo d). Let u(S) be the unit vector of R? defined by u(S) = 15/vk (where
1g is the vector with ones in S, zeroes elsewhere), and by S the collection of these d
subsets.

For 6 > 0, let Y be a real-valued random variable with distribution A(0,6) and Z
be a random vector of R? with distribution A'(0,I;). Let Xi,...,X, be n i.i.d. random
vectors of R? such that

X =Yu(S) + Z;,

where Y7,...,Y, and Z1,...,Z, are 2n independent copies of respectively, Y and Z.

(a) Give the distribution Py g of X;. What is the expectation of ¥ = 3>7 | X; X, /n?

(b) Let X be a sub-Gaussian random variable with parameter o2. Give, without

proof, a bound on the probability that X2 — E[X?] > t, for all ¢ > 0. State the theorems
that you use.

(c) Fix 6 € (0,1), let n > log(d/d8). Using the statistic A = maxges u(S) Xu(S),
give a test 1 such that for some constant C' > 0, whenever

1
0> C L(:/‘S) ,

we have
P{" (1 = 1) V max Py = 0) <4,
e 3

where we write Py = Pg g without ambiguity, and ®n denotes n independent samples.

(d) Define the chi-square divergence between two distributions. Using without proof

the fact that for § < 1/2,
dPg dPr
*ldPy P

—-1/2

] - (1 92 (u(S)Tu(T))Q) ,

show that for 6 < 1/2

g el (- 5) 1wl ) 1

where R is the cardinality of the intersection of two random subsets of {1,...,d} of size k

drawn independently and uniformly. [Hint: you can use that 1/(1 —¢) < et for t < 1 /2]
(e) For ¢ € (0,1), § < 1/2, and k < d'~¢ , show that whenever

0<i/€ log(ad)
~X n Y

we have for some constant v, , that depends on € and «, taking the infimum is taken over
all tests .

: n n 1
inf P§"(¢ = 1) Vmax PG5(4 = 0) > 5 — vea-
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Let G be a given connected graph on n vertices labelled 1 through n, with a set of
m edges E. We seek to estimate a signal §* € R", where 6 is associated to vertex 7. It
is assumed that this signal is “smooth over the graph”, i.e. that the coefficients of 8* are
not too different for two vertices that are connected. This is quantified by the function

s:R™ = R, defined by
s@O)= > 10;— 0.
(1,5)eE
We observe y, a noisy version of §*. For each 1 < i < n, we have for z € sG,(1)
Yi = 9: + Z5 .

A m xn matrix D is called an incidence matriz of G if for each e = (i,7) € F, the row D,
satisfies De; = 1, D, j = —1, and 0 everywhere else. As an example, for a square graph
(cycle graph on four vertices), an example of incidence matrix is

o 1 0 -1

For A > 0, the estimator 0 is defined by 6 € argmingega 2|y — 0]13 + A DO 1.

(a) Let D be an incidence matrix of G. Write s(f) as a function of Df. Show that
this expression is valid for any incidence matrix. Show that for any 8 € R™ such that
D6 =0, we have 8 = t1, for some t € R.

(b) Show that

1 * N 2 * * N
07 = 6l13 < ~ (2,0 = 0%) + A DO" [ = A DI

SN

(c) Let DT be the n x m pseudoinverse of D, i.e. such that DID = I, — II4,
where II; = 117 /n is the orthonormal projector on the span of 1. Let A be such that
(D)7 2|00 < nA/2 with probability 1 —§. Show that it holds with probability 1 — ¢ that

1 * ) * 2 * N
Lo — 013 < 2050%) + 2 a2l 6° — 8.

(d) Let A € R¥*™ be a matrix whose columns satisfy ||A®||; < 1, and g a random
vector of R¥ that is sub-Gaussian with parameter 72. Stating the theorems that you use,
show that with probability 1 — §, we have

1A glloe < 7V/log(2m) + 7+/log(1/9) .

(e) Let L = maxjce<m |]D.Jr76H2 be the maximum of the /5 norm of the columns of
D' (or of the rows of (DT)T). Show that for a A independent of 6* to be determined, it
holds with probability 1 — 2J that

Liow 202 4 s(0%)L 4 s(0*)L 1 cs
—_ _ < A/ A/ -  “
’I’L”e 9“2 = n log(2m) + 1— n lOg(l/(S) + t2(1 . t2) n ’

1—t2 t2
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for some constant c¢s that only depends on 4, and some real t € (0,1).

[Hint: for all reals ¢,a,b, it holds that 2ab < t2a® + b? /12 ]
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Let n be an even integer, and P the collection of subsets of {1,...,n} with n/2
elements. For an unknown set S € P, a random graph G on n vertices is drawn by placing
edges independently between distinct vertices i,j with probability 1/2 if (i,5) C S or
(i,7) € S¢ and probability 1/2 — t/\/n otherwise, where t is a fixed positive constant
smaller than y/n/6. We denote by A the symmetric adjacency matriz of the graph G,
where A;; = 1 if there is an edge between 4 and j, 0 otherwise.

(a) What is the expectation of A, denoted by Ag = E[A]? Draw a schematic picture
when S = {1,...,n/2}. Show that Ag+ I,,/2 has rank 2, and give its eigen-decomposition.
The matrix M is defined by

1 t
M=A+1,/2- (5 - =)U,
I/ 2 2yn
where U;; = 1 for all 7, j. What is the expectation of M, denoted by My?

(b) State the Davis—-Kahan curvature lemma. We define the estimator ¢ by
0 € argminyj,,— v’ Mwv. Show that

E[lo6" —vo"||F] < %
for some constant ¢ > 0.

(c) Let S = {i € {1,...,n}|9 > 0}, and let A(S,S) = mingeg_q 4y [1g — olgl|.
Explain what A(S’, S) represents, in terms of the partitions (S, S¢) and (5’, gc) Show that

E[A(S,S)] < n%

(d) For any S € S, we denote by Pg the distribution of G. For any S, S’ € P, show
that

KL(Ps,Ps)= Y KL(Ber(1/2),Ber(1/2 — t/\/n))
(4,/)€05\05"

+ ) KL(Ber(1/2 —t/v/n),Ber(1/2)),

(,)€0S\dS

for properly defined sets 9S and 9S’. Show that for p,q € (0,1), we have

(» —a)?
KL(Ber(p), Ber(q)) < =

(e) State Fano’s inequality. You can assume without proof the existence of M, a
subset of P such that for all distinct S,5" € M, A(S,S") = n(1/2 —¢), and |M| > e,
for some e € (0,1/2). Using this set, show that for some constant ¢ > 0

A /t2
igfrélea%(Ps(A(E,S) >n(1/2 - 26)) >1- C€—2,

where the infimum is taken over all measurable estimators 3 of S.
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END OF PAPER
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