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Let A be a unital Banach algebra. Prove that the group G(A) of invertible elements
of A is open and that the map z — x71: G(A) — G(A) is continuous.

Let A be a Banach algebra and x € A. Define the spectrum oa(x) of x in A both
in the case that A is unital and in the case A is not unital.

Let A be a Banach algebra and x € A. Prove that o4(z) is a non-empty compact
subset of C. [You may assume any version of the Hahn—Banach theorem without proof.]

State and prove the Gelfand—Mazur theorem concerning complex unital normed
division algebras.

Let K be an arbitrary set. Let A be an algebra of complex-valued functions on K
with pointwise operations and assume that ||-|| is a complete algebra norm on A. Prove
carefully that supg|f| < || f|| for all f € A.

State and prove Mazur’s theorem on the weak-closure and norm-closure of a convex
set in a Banach space. [Any version of the Hahn—Banach theorem can be assumed without
proof provided it is clearly stated.]

Let (x,) be a sequence in a Banach space X. A sequence (u,) is called a convez
block of (x,) if there exist p1 < ¢1 < p2 < g2 < ... in N and non-negative real numbers
ai,as, ... such that Z?Qpn a; = 1 and E?;pn a;x; = up for all n € N. Prove that if

&, — 0 then there is a convex block (u,) of (z,) such that u, — 0 in norm.

Let X be a Banach space whose dual space X* is separable, and let (z,) be a
bounded sequence in X. Explain briefly by quoting appropriate theorems why there is a
subsequence (y,,) of (x,) that w*-converges to some element ¢ in X**. Show that if (uy)
is a convex block of (y,), then y, — uy, =5 0.

Let X be a Banach space with separable dual space X*. Let Y be a closed subspace
of X, let Z denote the quotient space X/Y and let ¢: X — Z be the quotient map.
Let (z,) be a sequence in the closed unit ball By of Z such that z, — 0. Prove that
there is a sequence (x,) in 3Bx and a subsequence (2, ) of (z,) such that z, — 0 and
la(en) — 2, ]| = 0.
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State the Radon—Nikodym theorem explaining the terms used.

Let (2, F, 1) be a measure space and let 1 < p,q < oo with % + % = 1. Prove that
the dual space Ly of L, = L,(Q, F, p) is isometrically isomorphic to L.

Let f and fi, fa2,... be members of L,. Assume that |f,| < |f| for every n and that
fn — 0 pointwise almost everywhere. Show that f,, — 0.

Define the terms hermitian, unitary and normal describing an element x in a unital
C*-algebra.

Let A be a unital C*-algebra, and let x € A. Show that if z is hermitian, then
o4(xz) C R, and if z is unitary, then 0 4(z) C T. Deduce that if B is a unital C*-subalgebra
of A, and x € B is normal, then op(x) = 04(x).

Let T be a normal operator on a Hilbert space H. Let K = o(T) be the spectrum
of T. Prove that there is a unique unital *-homomorphism f — f(T): C(K) — B(H)
such that u(T) = T, where u(z) = z for all z € K.

Show that if K is disconnected then T has a non-trivial invariant subspace: there
is a closed subspace Y of H such that Y # {0}, Y # H,and Tz € Y forall z € Y.

[Throughout this question you may use without proof any result from the spectral
threory of general Banach algebras including the Gelfand representation theorem, but you
may not assume without proof any result specific to C*-algebras.|
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Let K be a weakly compact subset of a Banach space X. Explain briefly why K is
w*-closed when viewed as a subset of X**.

Let T: X — Y be a bounded linear map between Banach spaces. Prove that the
dual map 7T%: Y* — X* is w*-to-w*-continuous.

State Goldstine’s theorem and the Banach—Alaoglu theorem.

Let T: X — Y be a bounded linear map between Banach spaces. We say that T
is weakly compact if T Bx is a weakly compact subset of Y. Show that the following are
equivalent.

(i) T is weakly compact.

(i) T*(X*) C Y.

(iii) T*: Y* — X* is w*-to-w-continuous.

(iv) T* is weakly compact.

[Hint: for (i) = (ii) start with the observation that Bx C (T**)~'(TBx).]

Show also that if X or Y is reflexive then every bounded linear map X — Y is
weakly compact.
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