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(a) Consider an acoustic field generated by a time-harmonic wave ψ(r) with
wavenumber k propagating in a 2-dimensional medium with refractive index n(r).

Assume that wave propagation is at small angles to the horizontal direction x. Derive the
parabolic equation for the propagation of the reduced wave E = ψe−ikx in the refractive
medium, and state under what conditions it is valid.

(b) Consider now the case where the acoustic wave propagating mostly in the
horizontal direction is an incident Gaussian beam
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propagating in free space. Derive an expression for this beam E(x, z) in free space at a
propagation distance x.

[You may wish to use the following formula for a Gaussian integral:
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valid for Re[a] > 0.]

(c) Now assume that the propagated beam E(x, z) encounters an extended randomly
refractive medium at x = x0, so that the refractive index n(r) = n(x, z) for x > x0 is
given by n(r) = 1+µW (r), with µ≪ 1, whereW is normally distributed and statistically
stationary, with mean and variance given by < W >= 0 and < W 2 >= 1.

Consider the first moment of the field generated by this wave
m1 =< E(x, z) >.

Is m1 independent of the transverse direction z? Explain.

(d) Derive an equation for the propagation of the first moment of the field generated
by the Gaussian beam in the extended random medium, for x > x0.
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Consider the 3-dimensional scattering problem of a time-harmonic plane wave
ψi(r) = eikr̂0·r incident from the direction r̂0 in free space, being scattered by an extended
inhomogeneity with refractive index n(r) occupying a finite volume V .

(a) Derive the Born approximation for the scattered field ψs(r).

(b) Use the first Born approximation for the scattered field and its far field behaviour to
calculate the time-averaged energy flux in the direction r̂, Es, at a distance R in the far
field of the inhomogeneity, in terms of the far field pattern f∞(r̂, r̂0).

Calculate also the time-averaged energy flux Ei (in the direction r̂0) of the incident wave.

(c) The differential scattering cross section σd(r̂, r̂0) in the direction r̂, caused by an
incident field in the direction r̂0, is defined as:

σd(r̂, r̂0) = lim
R→∞

(

R2Es

Ei

)

. (1)

Calculate σd(r̂, r̂0) in the first Born approximation, using the quantities derived in (b), to
obtain an expression in terms of the far field pattern f∞(r̂, r̂0).

(d) Now assume that the inhomegeneity in V has randomly varying refractive index
n(r) = 1 + µW (r), with µ ≪ 1, where W is normally distributed and statistically
stationary, with mean and variance given by < W >= 0 and < W 2 >= 1. Also assume
that the size of the volume V is much greater that the correlation distance of the refractive
index.

Using the the differential scattering cross section in terms of the far field pattern f∞(r̂, r̂0)
obtained in (c), derive an expression for the ensemble average of σd(r̂, r̂0) in terms of the
power spectrum of the inhomogeneity S(ks), where ks is related to the difference between
r̂ and r̂0, neglecting any terms higher than second order in µ.
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Consider the equation Ax = y, where A is a compact linear operator between two
Hilbert spaces: A : X 7→ Y , and x ∈ X, y ∈ Y .

(a) Explain why, when considering the inverse problem of finding x, given A and data y
(and especially in the case of noisy data), it is appropriate to seek the solution x of the
normal equation

A∗Ax = A∗y , (1)

where A∗ denotes the adjoint of A, instead of the solution of Ax = y.

(b) Using a fixed-point equation for (1), derive Landweber iteration for the calculation of
successive approximations xn to its solution, and obtain a closed-form expression for the
nth iterate, given the choice x0 = 0 for the first iterate.

(c) Landweber iteration can be viewed as a regularisation method, with regularisation
parameter α = 1/n.

Assume that there exists a singular value system {σi;ui, vi} for A. Given noisy data y(δ),
with ‖ y(δ) − y ‖6 δ, find the filter function gα(σi) in the expression for the corresponding

solution x
(δ)
α in terms of the singular value system:

x(δ)α =

∞
∑

i=1

gα(σi)(y
(δ), ui)vi . (2)

(d) State a condition under which Landweber iteration is convergent, and check that,
under this condition, the limit of the filter function as α→ 0 is correct, thus showing that
this iteration is a regularisation.
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