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You are reminded of the equations of ideal magnetohydrodynamics in the form

dp

E—i—u-Vp——pV-u,

dp

EvLu-Vp——’ypV-u,

p<a—u+u-Vu> :—pV(I)—Vp—Fi(VXB)XB,
ot Ho

0B

E—VX(UXB),

V-B=0,

V20 = 47Gp.

(a) Formulate the equations governing the steady, spherically symmetric, adiabatic flow
of an unmagnetized, non-self-gravitating perfect gas in a gravitational potential ®
that depends only on the spherical radius r.

(b) If & = —Ar—P, where A and f are positive constants, show that a necessary
condition for either (i) an inflow that starts from rest at » = oo or (ii) an outflow
that reaches r = oo to pass through a sonic point is

v <f8),
where v > 1 is the adiabatic exponent and f() is a function to be determined.

(c) Assuming that this condition is satisfied, calculate the accretion rate of a transonic
accretion flow in terms of A, 3, v and the density and sound speed at r = oo.
Evaluate your expression in each of the limits v — 1 and v — f(5).

[You may find it helpful to define § =y — 1. You may assume that

lim(1 — ex) "/ = ¢® and lim(ex) “=1 forx#0.]
e—0 e—0
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In this question all fields may be assumed to be independent of y in Cartesian
coordinates (z,y, z).

(a) A twisted magnetic flux tube in a plane-parallel atmosphere has a magnetic field
that is independent of y. Explain why this can be written as

B =V x (¢Ye,)+ Bye,
in terms of a magnetic flux function 1. Show that the Lorentz force per unit volume
is

1
o (V*¢ Vi + B,V B, + Vi) x VB,).

(b) If the tube is in magnetostatic equilibrium, show that B, = B, () and

1
Ko

dB,

<v2w+3yw> Vi +Vp+pVd=0.

(c) Now suppose instead that the tube rises through the atmosphere and is accompanied
by a velocity field u. Show that 1) and B, evolve according to

Dy _
Dt

DB,
Dt

0, =B-Vu, - B,V -u.

Deduce that, if the initial conditions at ¢ = 0 are such that u, = 0 and By = f(¢)

is a function of ¢ only, then, provided that V - u = g(v,t) is a function of ¢ and ¢
only, no force or motion in the y direction will result during the rising of the tube.
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In Cartesian coordinates (z,y,z), a non-self-gravitating ideal MHD flow in the

presence of a uniform horizontal shear flow has the form

u=uv(z,t) +axe,, B = B(z,1), p=p(z1),

where a is a constant describing the background shear. The flow is isothermal, with p = ¢2p
and ¢s = constant, and the gravitational field is of the form g = —V® = —g(z) e,.

(a)

(b)

Show that B, is constant, and derive the equations

d d v,
<a+vz$>ﬁ’_—082 )

d 0 B, 0B,
(o) = s 3
<ﬁ+v 2)1} + av, = B. 0By

ot “oz) Y T pop 0z
(2 )om g 22y )

o Foz) " p Oz 2u0 )

0 0 Ovg Ov,
(a "‘Uz@) By = Bz@ Bx%,

0 Ovy ov,

0
<E+UZ%> By—BZ 02 _’_an—ByE

Deduce the associated total energy equation in the form

3_E+8_F_S
ot 0z

where )
B
E=p |:%U2+<I)—|—C§1H <£)] + —
Po 2410

is the energy per unit length in the z direction (not including the energy of the

background shear flow), pg is an arbitrary reference density, F' is an energy flux in

the z direction and S is a source term proportional to a. Give explicit expressions

for F and S.

In the case of a steady flow, take linear combinations of the equations to show that

1 dv
[UZZL - (Cg + Ug) Ug + Cgvgz] U_d—ZZ =g (Uzz - Ug) + QUay (vaaz - Uzvax) )
z
where v, is the Alfvén velocity. Discuss the physical significance of the form of this
equation if v, represents the velocity of an outflow that accelerates from very low

to very high velocities as z increases.
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A hypothetical model of a star consists of a perfect gas sphere of mass M, radius R
and uniform density p, in hydrostatic equilibrium under its own gravity, with no magnetic

field, and surrounded by empty space. The adiabatic exponent of the gas is v. For r < R,

the inward gravitational acceleration is g = wgr and the pressure is p = %pwg(Rz —r?),

where wq = (GM/R?)'/? = (4rGp/3)'/? is the dynamical frequency of the star.

(a) Formulate, by any method, the linearized equations for small perturbations to the
equilibrium state.

(b) Assume that the displacement and associated Eulerian perturbations have the form

&= ( )FT+V(T)VF,
p

where (1,6, ¢) are spherical polar coordinates, 7 = r e, is the position vector and
F = (9 ¢) —1wt

where | > 0 is an integer and Y;™ is a spherical harmonic function such that
V2F = 0. Show that the various functions of r satisfy the ordinary differential

equations
dd  dp
2 A2
Ur = —_—+ —,
pwUr pwdr—l—pdr +dr
p?V = pd +p,
ﬁ = _pAv

p=pwi(Ur® +1V) —ypA,
d*®  2(1+1)dd
dr? r r

=4nGp,

in r < R, where
1 dV

dU
A=r—+{1+3)U+ ——.
dr + 3T+ r dr
(c) Assume further that there exist solutions of these equations in which V, p and P
are even polynomials of degree n in r, while U, p and A are even polynomials of
degree n — 2 in r, where n > 2 is an even integer. By examining the highest power
of r in each of the above equations, deduce that

wh+ [4— 22 +n+ )] wiw? - 11+ 1)wi =0.

Use this relation to analyse the stability of the model to perturbations of this type,
and comment on the results.

[Hint: In manipulating the algebraic equations it may be found easiest to eliminate
first the coefficients of the highest powers of r in U and V']
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[You need not consider the boundary conditions. The square of the (Brunt-Véisala)

buoyancy frequency is
1dlnp dlnp
N2=g|[= — .
g (7 dr dr ) )

END OF PAPER
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